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Abstract
This thesis studies the impact of general relativistic effects in galaxy clustering. A
comprehensive description of this topic is of great importance at this particular moment
in time. Indeed, in the near future, planned redshift surveys will measure the large-
scale galaxy distribution with unprecedented precision. The aim of these experiments
is to gain a better understanding of the properties of dark matter and dark energy as
well as the behavior of gravity on large scales, where modifications to general relativity
may occur. In order to interpret correctly the physical information in the data, we need
accurate theoretical predictions for the observables that will be measured. The purpose
of this thesis is to provide theoretical predictions for large scale structure observables
accounting for all relativistic effects that alter the light propagation with the ultimate
goal of testing general relativity on large scales. In particular, we focus on two key
observables in cosmology: the galaxy two-point correlation function and the galaxy
power spectrum. Using the gauge-invariant relativistic description of galaxy clustering
we demonstrate that the complete theoretical expressions for both these observables are
devoid of any long-mode contributions from the perturbations and do not have infrared
divergences in agreement with the equivalence principle. We numerically compute
the two quantities and study the contributions of various relativistic terms in the
conformal Newtonian gauge. Our theoretical and numerical studies provide a complete
understanding of the relativistic effects in the galaxy two-point correlation function
and the galaxy power spectrum. The results of this thesis may then contribute to
formulating new tests of general relativity with future large-scale data.
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CHAPTER 1
Introduction
Since the beginning of time, mankind has always wondered about the world’s origin
and, in the corse of history, many cultures have looked for the answer in the night sky.
Today, in 2019, the question about the origin of the universe and how it evolved to its
current status is still a matter of efforts and the answer is still believed to be in the
sky. We now use the scientific method and we call cosmology the science that deals
with the origin, the evolution and the structure of the universe.
Our modern picture of the universe started to develop with Einstein’s formulation
of General Relativity (GR) in 1915. GR is a theory of gravity that relates the energy
density with the curvature of space-time. If applied to the universe as a whole, GR
predicts that the universe is expanding or contracting, depending on its total energy
content. Einstein was the first to find such solution to his field equations, to which he
added a term - the cosmological constant Λ - to make the universe static, in agreement
with the common belief of that time. However, a few years later the idea of a static
universe was questioned again by Friedmann and Lemaître [7, 8] who found a solution
to the Einstein’s equations that implies the expansion of space. Indeed, Robertson and
Walker [9, 10, 11, 12] showed that this was the only viable solution if the cosmological
principle is assumed to hold. The latter simply states that the properties of the universe
are the same for all observers (at any location) when viewed on sufficiently large scales.
In 1929, by measuring the recession velocities of galaxies, Hubble [13] discovered that
galaxies further away from us move faster away from us. This observation was the first
experimental evidence supporting the idea of an expanding universe and contributed to
the development of the prevailing cosmological model: the Big Bang model. The model
describes how the universe expanded from a very high-density and high-temperature
state to its current structure displayed by the distribution of galaxies.
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2Despite the fact that the Big Bang model offered a comprehensive explanation of
Hubble’s observation and it is based on GR, which was experimentally confirmed by
several tests, the scientific community was still divided between supporters of the Big
Bang theory and supporters of the steady state theory. The latter is an alternative
to the Big Bang model, in which the density of matter in the expanding universe
remains unchanged due to a continuous creation of matter, thus complying with the
cosmological principle. The crucial evidence in favor of the Big Bang model arrived
in 1964, when the cosmic microwave background (CMB) radiation was discovered by
Penzias and Wilson [14]. It was also the confirmation that the known laws of physics
could be used to predict in detail the characteristics of the universe back in time.
Since the discovery of the CMB, we have built several astronomical instruments and
formulated different theories to explain all the details and to provide all the missing
pieces in the description of our universe. Indeed, there have been some experimental
observations that the Big Bang model alone could not explain. These efforts resulted
in the formulation of the Lambda cold dark matter (ΛCDM) model, a parametrization
of the Big Bang model in which the universe contains three major components: first,
dark energy, an unknown form of energy acting like the cosmological constant and
denoted by Λ (precisely as the term introduced by Einstein in his field equations);
second, dark matter, an unknown form of matter that interacts only gravitationally;
and third, ordinary matter, or baryonic particles. The reasons for introducing dark
energy and dark matter are both from experimental evidences.
Let us first focus on dark energy. In 1998, measurements of the redshifts of type Ia
supernovae by Riess, Schmidt and Perlmutter [15, 16, 17] indicated that the expansion
of the universe is accelerating, i.e. the velocity at which a distant object is receding
from the observer is continuously increasing with time. Since type Ia supernovae have
almost the same intrinsic brightness (they are indeed called standard candles), one can
use the observed brightness of such sources to measure their distance. The distance can
then be compared to the redshift, which measures how much the universe has expanded
since the supernova occurred. Additional confirmatory evidences have been found later
in baryon acoustic oscillations (BAO) − by comparing the size of the sound horizon
at decoupling (using the CMB) and today (using the galaxy correlation function) −
and in analyses of the clustering of galaxies − by comparing the number density of
galaxy clusters above a certain mass at high and low redshifts with that predicted by
different models. These probes also enabled to quantify the amount of dark energy
needed to produce the observed acceleration, that is 68.6% of the total energy density.
Despite its existence is evidenced by various observations, dark energy is still seen as
problem in cosmology. The reason is that in its simplest form, in which it is described
as a cosmological constant, dark energy is unjustified from a theoretical point of view.
Indeed, in GR there is no formally no need for a cosmological constant, meaning that it
can be set to zero or any other value. Even if we assume a non-vanishing cosmological
3constant we have a fine tuning problem: the measured value of the dark energy density
differs from the vacuum expectation value predicted by quantum field theories by 120
orders of magnitude. In other words, in order to obtain an energy density as small as
the one we observe we need the contributions arising from quantum field theories to
cancel to better than a part in 10120. Possible solutions to this problem are i) modifying
the matter content in the universe, ii) modifying the physics describing the behavior
of gravity or iii) back-reaction. Point i) and ii) are somehow similar. Consider, for
example, an additional scalar field coupled to the matter sector, as in massive gravity
theories. It is not clear whether in this case we are modifying the gravity sector or the
matter sector. The same problem affects the definition of the cosmological constant,
as it is unclear whether it is a modification of gravity or an additional matter field
with constant energy-density and equation of state. The solution is to some degree
arbitrary and some authors define as modified gravity theories only those in which the
additional degrees of freedom are non-minimally coupled to the Einstein-Hilbert term
in the action. A unified treatment of some classes of dark energy and modified gravity
models is given by the effective field theory of dark energy. The idea of modifying
the theory of gravity to match the outcome of observations has generated an active
field of research in modern cosmology. Observables that are sensitive to the behavior
of dark energy are of crucial importance because they allow to discriminate between
possible deviations from a cosmological constant. The third possible solution to the
dark energy problem is back-reaction, i.e. the idea that inhomogeneities in the universe
have an impact on the large-scale evolution. By relating the late-time acceleration
of the universe expansion with the growth of structures, the back-reaction approach
solves the coincidence problem: why are the density of matter and that of dark energy
comparable right now? This topic is still debated in the cosmology community, even
though it has been demonstrated that back-reaction alone cannot account for the
accelerated expansion.
The second most abundant and most mysterious component in the universe is dark
matter, which accounts for 26.5% of the total energy density and approximately 85% of
the matter content. The primary evidence for dark matter comes from galaxy rotation
curves: since the luminous mass density of a spiral galaxy decreases as one goes from
the center to the outskirts, from Kepler’s second law it is expected that the rotation
velocity of stars around the galactic center decreases with distance from the center.
Instead, the galaxy rotation curve remains flat, implying that there is a lot of non-
luminous matter (dark matter) in the outskirts of the galaxy. Other lines of evidence
include measurements of the velocity dispersion of galaxies in a cluster, observations
of gravitational lensing, BAO in galaxy clustering and the photon acoustic oscillations
in the CMB. Let us first discuss the evidences provided by gravitational lensing. Since
matter bends and distorts light trajectories passing near it, we can infer the amount
and distribution of matter that caused a deformation of some background object’s
4image. Gravitational lensing is usually distinguished in two regimes: strong and weak
lensing. On the one hand strong lensing occurs when the object acting as the lens is
very massive, the source is not too far away and both are roughly aligned with the
line of sight. In this situation strongly distorted multiple images of the source are
produced and one can reconstruct the mass distribution in the lens plane. As this is
a purely gravitational effect, it is sensitive to both baryonic matter and dark matter.
On the other hand in the weak lensing regime we do not obtain multiple images but
instead the resulting image is magnified (convergence) or deformed (shear). The idea
is that one can link the lensing effect with the distribution of dark matter between
the source and us. Because we only the average properties of the un-lensed galaxies,
weak lensing is treated with a statistical approach. Weak lensing allowed for the
reconstruction of the dark matter distribution in the Bullet cluster, which represents
one of the main evidences for dark matter. The Bullet cluster formed from the collision
of two clusters of galaxies in which the different behaviors of baryonic matter and dark
matter behave are clearly visible. On cosmological scales the dark matter density can
be measured from the BAO in galaxy clustering and the photon acoustic oscillations in
the CMB. In the galaxy correlation function, for example, one can link the position of
the BAO peak with the speed of sound at photon decoupling which, in turn, is related
to the baryon-to-photon density ratio. In the CMB we observe a similar pattern as
photons are more energetic in over-dense regions and less energetic in under-dense
regions. Since we usually look at the CMB spectrum in angular space we see a number
of succeeding peaks. The position (in angular space) and the relative amplitudes of
these peaks can be used to extract information about the baryon density and the dark
matter density. Thanks to these observations, we now believe that most of the dark
matter is gravitationally clustered into halos and filaments connecting them. Since
baryonic matter falls into the gravitational potential wells generated by halos, forming
structures, dark matter halos can be considered as the building blocks of the universe.
Finally, we should point out that beside the indirect observational evidences we have
listed, the debate on the nature of dark matter amongst particle physicist is still ongoing
and dark matter still escapes direct (non-gravitational) detection.
One fundamental extension to the ΛCDMmodel is inflation, a period of exponential
expansion that occurred in the very early universe, about 10−36 seconds after the Big
Bang singularity. Inflation was first proposed by Alan Guth [18] in 1979 while studying
the problem of why no magnetic monopoles are found today, but it was quickly realized
that it would have resolved several problems in the Big Bang scenario that came to
surface in the 1970s. These problems arise from the ascertainment that, in order to be
as we observe it today, the universe should have started from very finely tuned initial
conditions. Inflation resolves these problems by providing a mechanism that brings
the universe to this special state. Here we only discuss briefly the horizon problem,
because the notion of horizon will be important throughout this thesis. The horizon
5problem arises due to the difficulty in explaining the observed homogeneity of causally
disconnected regions of space in the absence of a mechanism that sets the same initial
conditions everywhere. In the big bang model without inflation two widely separated
regions of the observable universe cannot have thermally equilibrated because they
move apart from each other faster than the speed of light and thus have never come
into causal contact. In the early Universe, it was not possible to send a light signal
between the two regions. Because they have had no interaction, it is difficult to explain
why they have the same temperature, as we observe in the CMB. In order to explain
how inflation resolves the problem, it is convenient to define the Hubble horizon (often
simply called horizon): it defines the distance beyond which objects move away from
the observer faster than the light (they are not causally connected) because of the
expansion of space (it corresponds to the causal horizon in a static universe). We can
now reformulate the horizon problem as follows: why do we observe isotropic CMB in
patches of the sky separated by a distance bigger than the causal horizon at the time
of photon decoupling (when the radiation that we observe today as CMB was formed)?
Since inflation consists of a period of exponential expansion, the causal horizon also
grows exponentially while the Hubble horizon is constant. Therefore, if inflation lasts
long enough, at the end the causal horizon is larger than the Hubble horizon and the
problem is solved. Finally, it is important to mention that inflation also explains the
origin of the large scale structure (LSS) of the universe, as quantum fluctuations in
the matter and radiation fields in the early universe were stretched by inflation to
macroscopic scales, becoming the seeds for the growth of galaxies.
While, on the one hand, inflation provides a solution to various conceptual prob-
lems in cosmology and is necessary to explain several observations, on the other hand
the detailed particle physics mechanism responsible for inflation is unknown. In the
basic inflationary paradigm, called single field slow-roll inflation, inflation is driven by
a scalar field − the inflaton − rolling down a slowly decreasing potential energy until
falling into a minimum. When the field rolls very slowly compared to the expansion of
the universe, inflation occurs, and when it reaches the minimum it stops and reheating
can occur. Despite the fact that this simple model is accepted by most physicists, as
a number of predictions have been confirmed by observation, more complicated mod-
els involving more fields or more complicated potential shapes are an active field of
study. Distinguishing the correct model among these variants requires very precise
observations as the differences in the predictions can be tiny. However, a large class of
inflationary models has been already ruled out by observations. For instance the mod-
els predicting more power on small scales rather than on large scales in the primordial
spectrum of density perturbations (leading to a so-called blue tilted primordial spec-
trum, with spectral index larger than unity) are already excluded by measurements
of the CMB. Achieving an accurate description of inflation is of crucial importance
because inflation sets the initial conditions for the growth of perturbations that results
6in the structure of galaxies we observe today. With the increase of experimental preci-
sion, the tiny differences in the predictions of different inflationary models will matter
more and more in our understanding of the universe evolution.
Having discussed some of the most challenging topics in modern cosmology, we can
now attempt to cover the remaining parts by following the history of the universe in
a chronological order and describe the relevant physical processes that have happened
and are responsible for the complicated structures in the universe that we observe
today.
According to our understanding, the universe originated 13.8 billion years ago from
the Big Bang singularity, a state of infinite density and temperature. During the
very first moments, the energies and conditions were so extreme that our knowledge
of physics can only suggest possibilities and different stages of the early universe are
understood to different extents. The rapid expansion of space induced by inflation
(about 10−36 seconds after the Big Bang) enabled the cooling of the still immensely
hot universe from about 1027 down to 1022 Kelvins. Tiny fluctuations in the universe
at this stage are believed to be the basis of large-scale structures that formed much
later.
After inflation ends, the universe is filled with a hot quark-gluon plasma, the relics
of the huge potential energy that triggered the expansion. From this point onwards
the physics of the early universe is much better understood, and the energies involved
in the quark epoch (between 10−12 seconds and 10−6 seconds after the Big Bang) are
directly accessible in particle physics experiments. The quark epoch is the period in
the evolution of the early universe immediately after electroweak symmetry breaking,
when the fundamental interactions − gravity, electromagnetism, the strong interaction
and the weak interaction − had taken their present forms, but the temperature of
the universe was still too high to allow quarks to bind together to form hadrons.
During the quark epoch the universe was filled with a dense, hot quark-gluon plasma,
containing quarks, leptons and their antiparticles. Collisions between particles were too
energetic to allow quarks to combine into mesons or baryons. The quark epoch ended
when the energy of particle interactions (related to the temperature of the universe,
which decreases with the expansion of space) had fallen below the binding energy of
hadrons. Then, between 10−6 seconds and 1 second after the Big Bang, the quark-gluon
plasma that composes the universe cools until hadrons form, including baryons such
as protons and neutrons. After this point, it would be expected that both baryons
and anti-baryons formed in equal numbers. Instead, the universe was left with a lot
more baryons than anti-baryons and, in fact, almost no anti-baryons are observed in
nature. Theory also predicts that about 1 neutron for every 7 protons remained. We
have good reasons to believe this to be correct because later all neutrons and some of
the protons fused, producing hydrogen, deuterium, helium and other elements, whose
abundance can be measured. A 1 to 7 ratio of neutrons to protons at the end of this
7epoch would indeed produce the observed element ratios in the current universe.
At about one second, when the temperature of the universe was approximately 10
billion Kelvins (or 1 MeV), the universe expansion rate becomes comparable to the
rate of weak interactions, so that neutrinos decouple from baryonic matter and begin
to travel freely through space, generating the so-called cosmic neutrino background
(CNB). As neutrinos rarely interact with matter, these neutrinos still exist today,
but they cannot be detected because of their very low energy. However, the Big
Bang model makes many predictions about the CNB, and there is very strong indirect
evidence that it exists, both from Big Bang nucleosynthesis predictions of the helium
abundance, and from anisotropies in the CMB. Indeed, the decoupled neutrinos should
have had a very slight effect on the phase of the various CMB fluctuations. Such shifts
have been detected in the CMB. Moreover, the fluctuations corresponded to neutrinos
of almost exactly the temperature predicted by theory (1.96 ± 0.02 Kelvins compared
to a prediction of 1.95 Kelvins), and exactly three types of neutrino, as the number of
neutrino flavors predicted by the Standard Model of particle physics.
Between 1 second and 10 seconds after the Big Bang, the energy content of the
universe is dominated by leptons (such as the electrons and muons), left by the anni-
hilation of hadrons and anti-hadrons. As the temperature of the universe falls, leptons
are no longer created and most remaining leptons and anti-leptons quickly annihilate
each other into high energy photons. Now the energy of the universe and its overall
behavior is dominated by radiation, i.e. photons and other relativistic particles. The
photons continue to interact frequently with charged particles such as electrons and
protons for the next 377’000 years, in which the universe remains an opaque plasma.
During this time, however, many other important events occur which we shall
briefly discuss. Between 2 and 20 minutes after the Big Bang, the temperature and
pressure of the universe allow nuclear fusion to happen, producing nuclei of a few
light elements beyond hydrogen. Such event is known as Big Bang nucleosynthesis.
About 25% of the protons, and all the neutrons fuse to form deuterium, which in
turn quickly fuses to form helium-4. Above a certain temperature, energetic photons
easily break apart atomic nuclei, according to their binding energy. From about 2
minutes, the temperature decrease allows deuterium to be stable, and starting from
about 3 minutes, helium and other elements formed by the fusion of deuterium also
no longer unbind. Only small amounts of nuclei beyond helium are created, because
nucleosynthesis of heavier elements requires thousands of years even in stars. The
amounts of each light element in the early universe can be estimated by looking at old
galaxies, providing a very strong evidence for the Big Bang model. For example, about
1 neutron for every 7 protons should be produced, so that 25% of the protons and all
the neutrons fuse into helium-4, in the exact amount we find today. By 20 minutes,
the universe is no longer hot enough for fusion, but still too hot for neutral atoms to
exist or for photons to travel far. The universe remains therefore an opaque plasma
8for quite a long time.
At around 47’000 years, as the space expands and the temperature falls down, the
universe’s large scale dynamics and behavior begin to be dominated by matter rather
than radiation. This allows small structures to form, as gravity starts to overcome
the pressure and the density inhomogeneities left by inflation can grow in amplitude,
instead of being swept away by radiation. The presence of dark matter further ac-
celerates the formation of structures in the universe. Indeed, dark matter gradually
cluster in huge filaments and halos under the effects of gravity, collapsing faster than
baryonic matter due to the absence of radiation pressure. Because of the presence of
these concentrations of dark matter, baryonic matter eventually gathers together in a
shorter amount of time.
At about 377’000 years, the universe finally becomes cold enough for the ionized
particles to combine and form the first neutral atoms, a process known as recombina-
tion. During recombination, free electrons became bound to protons to form neutral
hydrogen atoms. These hydrogen atoms generally form with the electrons in a high
energy state, but they quickly reach their ground state by emitting photons. Because
the free electron density suddenly dropped, those photons were able, for the first time
in the history of the universe, to travel long distances. The photons that had their
last interaction back then can still be detected today as the CMB, which is indeed the
oldest observation we have of the universe.
Recombination not only caused the photon decoupling but also it stopped the
propagation of pressure waves within the electron-baryon plasma - the BAO - created
by the competition of gravity and pressure in overdense regions of the primordial
plasma. As these overdense region contains dark matter, baryons and photons, the
pressure results in spherical sound waves of both baryons and photons moving outwards
from the overdensity. The dark matter interacts only gravitationally, and so it stays
at the center of the sound wave, the origin of the overdensity. After recombination
the photons were no longer interacting with the baryonic matter and they spread
away. That removed the pressure on the system, leaving behind shells of baryonic
matter. Therefore, under the only effect of gravity, the baryons and dark matter
formed overdensities both at the original site of the perturbation and in the shell at
the sound horizon. As a result, one would expect to see a greater number of galaxies
separated by the sound horizon than at other length scales. Indeed, the BAO became
imprinted in the distribution of matter, giving rise to a preference in the distribution
of large-scale objects. In the same way that supernovae provide a standard candle
for astronomical observations, the BAO provide a standard ruler for length scales in
cosmology. The length of this standard ruler is given by the maximum distance the
acoustic waves could travel in the primordial plasma before recombination, and can be
measured by looking at the large scale structure of matter.
After recombination, even though the universe became transparent to light, there
9were no light sources such as stars and galaxies, so that the only photons existing were
those released by decoupling (observed today as the CMB) and those occasionally
released by hydrogen atoms, known as the 21 cm spin line of neutral hydrogen. The
clouds of hydrogen that form where dark matter is denser only collapsed very slowly
to form stars and galaxies. Indeed, the first generation of stars formed within a few
hundred million years after the Big Bang, when the temperature dropped from 4000
Kelvins (at recombination) to 60 Kelvins. These stars were the first source of visible
light in the universe after recombination. Structures may have begun to emerge from
around 150 million years, and early galaxies from around 380 to 700 million years.
Where numerous galaxies have formed, galaxy clusters and superclusters eventually
arise. Because this process was gradual, this period, known as the dark ages, lasted
until 1 billion years after the Big Bang, when the universe took its present appearance.
As the first stars and galaxies gradually form, the intense radiation they emit
reionizes much of the surrounding universe, splitting the neutral hydrogen atoms back
into a plasma of free electrons and protons for the first time since recombination and
decoupling. Reionization is evidenced from observations of quasars, active galaxies
that represent the most luminous objects observed in the universe. Since neutral
hydrogen has specific energy levels, called the Lyman series, the light emitted by a
quasar and traveling through ionized hydrogen and neutral hydrogen shows different
absorption lines. Furthermore, the light travels for billions of years before reaching
our detectors, so that any absorption line is redshifted by a specific amount, indicating
when it happened. In this way it possible to study the state of ionization at different
times in the past. It is evinced that reionization began as bubbles of ionized hydrogen,
forming around the newly emerged light sources, which became larger over time. It is
also concluded that the absorption occurred in the intergalactic medium and not due
to the fact that the light passed through dense regions or galaxies.
From 1 billion years, and for about 12.8 billions of years, the universe has looked
much as it does today. The only remarkable event is the transition from the matter
dominated era to the dark energy dominated era, at about 9.8 billion years, when the
expansion of space gradually begins to accelerate under the influence of dark energy.
In the mean time, the disk of our galaxy (the milky way) began to form. About 4.6
billion years ago our solar system also formed, with the earliest traces of life on Earth
emerging by 3.5 billion years ago.
The present-day universe is understood quite well. Thanks to the interplay between
theory and observations we achieved a good comprehension of the large scale structure
of the universe. Nevertheless, questions about the nature of dark energy and the fun-
damental properties of gravity can be answered by looking precisely at the large scale
structure of the universe. With the huge amount of data coming from future galaxy
surveys, such as [19, 20, 21, 22, 23, 24], we hope to answer these questions. Because of
the unprecedented precision achieved by the observational advances, we need accurate
10
theoretical predictions to interpret these data correctly and extract physical informa-
tion from them. The goal of this work is to contribute to this matter, by providing a
general relativistic description of the observables that will be measured.
This thesis is organized as follows. The remainder of this introduction is dedicated
to the main subjects of this thesis: the large scale structure of the universe and the
general relativistic effects in its observations. In chapter 2 we introduce the basics
of cosmological perturbation theory and the equations governing the evolution of the
perturbations responsible for the general relativistic effects. In chapter 3 we study the
geodesic light-cone approach to the large scale structure observables, showing that the
resulting expressions are gauge invariant. In chapter 4 we introduce the galaxy number
density and we compute the galaxy two-point correlation function accounting for the
relativistic effects to linear order in perturbation theory. In chapter 5 we perform a
similar study for the galaxy power spectrum. Finally, in chapter 6 we summarize our
results and present our conclusions. One last remark: In this thesis we use units in
which the speed of light, the Planck constant and the Boltzmann constant are all equal
to one
c = h̷ = kB = 1 .
1.1 The Large Scale Structure of the Universe
Several remarkable space-based missions (COBE, WMAP, Planck), have detected very
slight variations in the density and temperature of the CMB. These variations are
subtle, and the CMB appears nearly the same in every direction. However, the small
temperature fluctuations of order of a few parts in 100’000 are of enormous impor-
tance, as they are essentially early seeds from which all complex structures in the
universe ultimately developed. In this section we provide a more detailed introduction
to galaxy clustering: the study of how primordial fluctuations coming from inflation
and imprinted in the CMB are amplified through gravitational instability to form the
large scale structure of the universe.
What seems like a simple task is however extremely complicated. Firstly, we need
to deal with physics governing a very wide range of scales: from the size of the Hubble
horizon H−10 ∼ 4000 Mpc to the typical size of galaxies ∼ 10 kpc and secondly one in
principle needs to solve the coupled Boltzmann-Liouville equations for each species in
the universe. The ΛCDM model is successful at predicting the observed distribution
of galaxies, as the large-scale evolution of the universe can be understood through
linear cosmological perturbation theory, in which all structures are described as small
deviations from a perfectly homogeneous universe. However, on the scale of individ-
ual galaxies there are many complications due to highly non-linear processes involving
baryonic physics, gas heating and cooling, star formation and feedbacks. As a result,
galaxy formation cannot be fully described by perturbation theory and different tech-
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niques, such as N-body simulations, need to be used to understand the small-scale
dynamics.
In order to describe the processes of structure formation, we have to start from
the early universe, when the fluctuations that provide the seeds for the growth of
galaxies originate. The very early universe was dominated by radiation. In this case,
density fluctuations larger than the horizon grow with the universe expansion, while
fluctuations smaller than the horizon remained essentially frozen because the radiation
prevented their growth. After matter-radiation equality, all dark matter overdensities
grow freely through gravitational clustering, forming potential wells into which the
baryons could fall later. As the Hubble radius grows in the expanding universe, it
encompasses larger and larger perturbations. For this reason, the shorter-wavelength
perturbations that are inside the horizon during radiation domination have their growth
retarded until matter domination.
The physics of structure formation in this epoch is particularly simple, since per-
turbations are small and we can treat them in the regime of linear perturbation theory,
where different Fourier modes evolve independently. Indeed, at early times, the per-
turbations have Fourier coefficients with Gaussian probability distribution, because
they come from quantum fluctuations produced during inflation. Each coefficient is
uncorrelated with the other, so that also the real space fluctuations are Gaussian. Fur-
thermore the variance is independent of the direction of the wave-vector k: for the
primordial curvature perturbation the power spectrum scales as Pζ ∼ kns−1, where the
spectral index ns measures the deviation from a scale-invariant spectrum. The value of
ns measured by WMAP [25] is very close to what predicted by the simplest and most
robust models of inflation indicating that there is more power on small scales rather
than on large scales in the primordial spectrum of density perturbations. Another im-
portant property of the primordial perturbations, that they are adiabatic fluctuations
(perturbations in different components have equal fractional over/underdensities) in-
stead of isocurvature fluctuations (fluctuations in the form of the local equation of state
of the system, with the total density of the system remaining homogeneous), is also
predicted by inflation and has been favored by CMB observations. The adiabatic per-
turbations are also known as curvature perturbations, as they induce inhomogeneities
in the spatial curvature.
The way in which curvature perturbations convert into late-time perturbations is
usually encoded in the transfer function: for the matter density fluctuation we could
for example write δk(t) = T (k, t)ζk where ζk is the value of the curvature perturbation
at horizon exit during inflation. The same equation can be written, with a differ-
ent transfer function, for every perturbation in the universe. For a pressure-less and
collision-less fluid, such as cold dark matter, the transfer function is obtained by solv-
ing the continuity and Euler equations, together with the Poisson equation. On the
other hand, when considering baryons and photons the Boltzmann hierarchy is not
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closed and to compute the transfer function one needs to use numerical codes such as
CLASS [26] and CAMB [27] or rely on analytical approximations, which we will discuss
briefly in a few paragraphs.
After recombination, structure formation in the ΛCDM model proceeds hierarchi-
cally, due to gravitational collapse, with smaller structures forming before larger ones.
Because of photon decoupling, the baryons are no longer subject to pressure and we can
describe them as a pressure-less fluid, together with cold dark matter. The evolution of
such fluid can be derived in perturbation theory by following mainly two approaches:
Eulerian and Lagrangian. In Eulerian perturbation theory, often called standard per-
turbation theory (SPT) [28, 29, 30], the fluid motion is described by the evolution of
the density and velocity fields in fixed comoving coordinates. In Lagrangian pertur-
bation theory (LPT) [28, 29, 31, 32, 33] the fluid motion is described by following the
trajectories of individual fluid elements in space and time. The main predictions of
linear perturbation theory are the growth of the matter density fluctuations with time,
given by the growth function D1(t) relating the matter density fluctuation at time t
to its initial value at inflation, and the linear matter power spectrum Pm(k), which
describes the matter density fluctuations as a function of scale. The latter, as a tool
for cosmology, it is of comparable importance to the cosmic microwave background.
Galaxy surveys, such as the Sloan Digital Sky Survey, and surveys of the Lyman-alpha
forest have measured the power spectrum. Since these studies observe radiation emit-
ted from galaxies and quasars, they do not directly measure the dark matter, but the
large-scale distribution of galaxies (and of absorption lines in the Lyman-alpha forest)
is expected to mirror the distribution of dark matter closely.
Linear perturbation theory is able to describe a significant range of scales and
most of the history of the universe but it eventually breaks down, as gravity is non-
linear and with time it feeds this property into the primordial perturbations. Since
there is no exact solution for the perturbation variables in the non-linear regime, one
must rely on expansion schemes, taking into account that different Fourier modes no
longer evolve independently and the perturbations loose their Gaussian properties.
Furthermore the convergence properties of some schemes are in question when higher
order contributions get bigger than the lower order ones and do not improve agreement
with N-body simulations. Recently developed perturbative approaches such as higher
order SPT [34, 35, 36] and LPT [33, 37, 38] and Effective field theory [39, 40, 41] are
able to describe the growth of structure on scales as small as 0.1 Mpc−1 (at z = 0) but
eventually we enter the non-linear scales where a perturbation theory description is
not at all suited. On smaller scales, simplified models such as the Spherical Collapse
Model, Secondary Infall Models [30, 42, 43] and the Zeldovich Approximation [44] can
be used to understand the non-linear processes that lead to the formation of a virialized
structure. In the Spherical Collapse Model the universe is assumed to be in the matter-
dominated phase and to be homogeneous, except for a single spherical perturbation.
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Furthermore, the only fluid in the universe is supposed to be collisionless dark matter.
The model considers an overdensity as consisting of many individual thin mass shells
and study the evolution of a single mass shell of collisionless dark matter. Because of its
collisionless nature, the shell crosses itself and starts to oscillate. What happens is that
the shell expands until it reaches a maximum radius and then collapses back and form
a virialized structure. Secondary Infall Models follow a similar description but with
more realistic initial density profile, while the Zeldovich Approximation completely
gives up on the assumption of spherical symmetry. The main result of these models
is that a region in which the density field extrapolated by linear theory is bigger than
the critical value
δ(x, t) > δc = 1.686
will have collapsed to form a structure (dark matter halo) by time t. It is natural
to wonder which is the probability that the Gaussian density field is bigger that δc
or, a closely related question, which is the number of dark matter halos per comoving
volume with a certain mass: the halo mass function. Theoretical understanding of this
issue comes from the Press-Schechter formalism [45] or, in a more recent formulation,
the Excursion Set Formalism [46].
Despite the insight offered by simplified analytical models of structure formation,
N-body simulations represent the only reliable tool to study the clustering of objects
on scales smaller than 0.1 Mpc−1 (with the disadvantage that they are very slow when
the number of particles is large). An N-body simulation is a simulation of a dynamical
system of particles under the influence of physical forces, such as gravity. The particles
treated by the simulation may or may not correspond to physical objects. For example,
an N-body simulation of a star cluster might have a particle per star, so each particle
has some physical significance but it is not possible to resolve scales smaller than the
size of a star. Many simulations simulate only cold dark matter, and thus include
only the gravitational force. Incorporating baryons, leptons and photons into the
simulations dramatically increases their complexity and often radical simplifications
of the underlying physics must be made. However, this is an extremely important
area and many modern simulations are now trying to understand processes that occur
during galaxy formation. The result of N-body simulations suggests that the universe
is composed largely of voids with very low density, while the dark matter condenses in
large filaments and haloes with an intricate web-like structure. Galaxies form inside the
dark matter halos and, therefore, they are supposed to mirror the matter distribution
in the universe (it is often said that galaxies are tracers of the density field). However,
because galaxies are collapsed, non-linear structures, the way in which their statistic is
related to that of the matter field is non-trivial. This relationship between the spatial
distribution of galaxies and the underlying dark matter density field is called galaxy
bias. Due to the fact that we do not observe the matter filed but only the galaxies,
understanding this relation is crucial if we want to compare theory and observations,
14
and the galaxy bias is indeed an active field of research (see [47]). In its simplest
formulation the bias is linear and scale-independent: it can be defined as the ratio of
the correlation function of the tracers with respect to the correlation function of matter.
At large scales this is a good approximation (and we will stick to it for the purposes
of this thesis), however at smaller scales (or if we want to profit from more precise
surveys) a full bias expansion is required: a finite number of bias parameters is then
needed to relate the galaxy density to the properties of the large-scale environment.
1.2 General Relativistic Effects
The large scale structure of the universe is a powerful probe to understand the uni-
verse’s origin and evolution, investigate the properties of dark matter and dark energy
and unveil the details of inflation. Being the final result of complicated processes start-
ing from inflation and involving all the universe’s components, it enables us to test our
understanding by comparing theory and observation. Indeed, by observing the spatial
distribution of galaxies in the sky it is possible to compute statistics, such as correlation
functions, and compare them with the predictions of theoretical models. In this way we
can, first of all, see which models correctly describe the data and, secondly, constrain
the parameters of such models. When a model is favored by different observations and
the parameter constraints from different experiments are in agreement, then we have
strong reasons to believe that we are going towards the right direction to develop a
complete theory able to describe the universe. This is the case of the ΛCDM model. It
is able to explain various probes, including the CMB and the LSS, with six independent
parameters: the baryon density parameter, the dark matter density parameter, the age
of the universe, the scalar spectral index, the curvature perturbation amplitude at the
scale k0 = 0.002 Mpc−1 and the reionization optical depth, respectively given by
Ωbh
2 = 0.02230 ± 0.00014 ,
Ωch
2 = 0.1188 ± 0.0010 ,
t0 = 13.799 ± 0.021 × 109 years ,
ns = 0.9667 ± 0.0040 ,
As = 2.441+0.088−0.092 × 10−9 ,
τ = 0.066 ± 0.012 .
Future galaxy surveys [19, 20, 21, 22, 23, 24] will challenge further the ΛCDM model
with high precision data taken on large scales at high redshift. This will enable us
not only to reduce the uncertainties associated with the model’s parameters but also
to test our theory of gravity. Indeed, given the unprecedented precision achieved by
the experimental advances, the effects of gravity on the light propagation that were
considered negligible so far will become important in the data analysis. It is precisely
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on large scales that the general relativistic effects play an important role and if we do
not take them into account in our theoretical predictions we might misunderstand the
physical information in the coming data.
In this section we aim at describing the physics of such effects and explain how
they impact the observations of the LSS. As one of the goals of this thesis is to provide
accurate theoretical predictions for LSS observables in GR, an introduction on the
general relativistic effects is of great importance at this point. However, we should
mention that GR is not the only theory that we have at hand, and various modified
gravity models have been proposed, with small differences in their tangible predictions.
Discriminating which one is the correct theory of gravity is the ultimate ambition that
the coming data may help us to achieve.
The general relativistic effects altering the light propagation are the result of the
inhomogeneities along the light path from the source to the observer. The inhomo-
geneities curve the space-time through which the light travel, causing deflections of the
light trajectory as well as change in the photons energy. As a result, when we observe
the galaxies distribution by measuring the position of individual galaxies through their
redshift z and their angular position nˆ on the sky, our statistics are altered by the fact
that, because of the relativistic effects, the apparent galaxies positions are different
than the real ones. In other words, both the redshift and the angular position are
affected by the relativistic effects. When observing a single source, we cannot simply
trace back the light trajectory as a straight line up to the distance inferred from the
redshift assuming a homogeneous universe. In this case, even if we accept that the
light propagation is altered by the relativistic effects, we cannot derive the real source
position, because we do not have access to the inhomogeneities distribution along the
light path from the source to the observer. On the other hand, when we are interested
in statistics of the galaxies distribution and we measure the positions of large samples
of galaxies, it is possible to predict the impact of the general relativistic effects on the
statistical quantities extracted from the data. The reason is that, while we do not
know the exact distribution of matter between a single source and the observer, we
know the variance of its probability distribution function: the power spectrum, essen-
tially the ensemble average of the product of two density fluctuation Fourier modes.
Therefore, by taking the ensemble average of the expression for a given observable, one
obtains a theoretical prediction that can be compared with the observation. While in
theory we can perform ensemble averages over infinite realizations of the universe, in
observations we are limited to measurements from our location and time, without the
possibility of making repeatable experiments. Despite the fact that observationally we
only have access to a limited region of one single universe, the ergodic theorem allows
us to compare the theoretical ensemble averages with spatial averages over different
patches in the sky. Therefore, what we can do when observing a fluctuation on a given
scale λ is to average over many distinct regions of size ∼ λ. Nevertheless, observations
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of the universe at extreme distances will always be limited by the cosmic variance,
i.e. the statistical uncertainty due to the fact that we can only observe one realization
of all the possible observable universes. For example, we can only observe one CMB,
so the measured positions of the peaks in the CMB spectrum, integrated over the
visible sky, are limited by the fact that only one spectrum is observable from Earth.
The observable universe viewed from another galaxy will have the peaks in slightly
different places, while remaining consistent with the same physical laws. Furthermore,
measurements are affected by cosmic large-scale structure, so a measurement of any
region of sky (viewed from Earth) may differ from a measurement of a different region
of sky (also viewed from Earth) by an amount that may be much greater than the
sample variance. Additional limitations are due to sample variance: the difference
between different finite samples of the same parent population, following a Poissonian
distribution.
We now want to describe the effects due to the inhomogeneities in our universe that
alter the light propagation and, in turn, our measurements of the sources’ redshift z
and angular position nˆ = (θ, φ). Since any light-cone observable is a function of these
two quantity, the general relativistic effects have an impact on the measured value for
the observable. Indeed, the redshift z and the angular position nˆ parametrize the past
light-cone on which our observations are performed. Due to the inhomogeneities in our
universe, the geometry of the light-cone is modified with respect to that of Minkowski
space-time, and one has to solve the perturbed null geodesic equation to follow the
light propagation. As a result, the redshift and the angular position of sources located
on the light-cone receive corrections δz, δnˆ = (δθ, δφ), which, if not accounted for,
would lead to misinterpretations of our measurements. Indeed, the general relativistic
effects, responsible for the corrections δz and δnˆ, obviously modify the shape of the
observed areas and volumes containing the sources, the radial distance to them and in
some measurements the number of sources.
In order to understand how the relativistic effects enter in the measurements of
LSS observables, we provide the reader with a description of the following ones:
redshift-space distortion, local potentials, integrated Sachs-Wolfe effect, gravitational
lensing and Shapiro time delay. The redshift-space distortion, introduced by Kaiser
in 1987 [48], is the effect that causes the spatial distribution of galaxies to appear
squashed and distorted when their positions are plotted as a function of their redshift
rather than as a function of their distance. The idea is that the mapping from real
space to redshift space is not only derived by considering the Hubble flow, as the pe-
culiar velocities of the galaxies generate a Doppler shift on top of the redshift due to
the universe expansion. Redshift-space distortions manifest in two ways. The Fingers
of God effect is what causes the galaxy distribution to appear elongated in redshift
space along the direction of observation. It is due to a Doppler shift associated with
the random peculiar velocities of galaxies bound in structures such as clusters. The
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fact that we observe the galaxies from a particular direction breaks the symmetry of
the system and generates finger-like structures pointing toward the observer in the
redshift-space map of the galaxy distribution, as the Doppler shift is only due to the
component of the peculiar velocities aligned with the direction of observation. Because
of this effect, the deviation from the Hubble’s law relationship between distance and
redshift is altered, and, if not accounted for, this would lead to inaccurate distance
measurements. The other way in which redshift-space distortions manifest in the mea-
surements of the galaxy distribution is the so-called Kaiser effect. In this case the
distortion is caused by the coherent motions of galaxies as they fall inwards towards
the cluster center, and it appears as a flattening of the structure (sometimes referred
to as Pancake of God). It is a much smaller effect than the Fingers of God but it is
more important to us as it occurs on larger scales, where the general relativistic effect
manifest themselves. For this reason, in this thesis we refer to the Kaiser effect when
we talk about redshift-space distortions. While the previous effects are a consequence
of special relativity, there are additional effects that arise from general relativity. One
is the effect of local potentials, which originates from the redshift, or blueshift, that is
acquired when the photons climb out of the gravitational potential well of the distant
source galaxy and then falls into the potential well of the Milky Way galaxy. This
effect will make galaxies at a higher gravitational potential than Earth appear closer,
and galaxies at lower potential will appear farther away.
The other effects of general relativity on clustering statistics are observed when
the light from a background galaxy passes near, or through, a closer galaxy or cluster.
These effects are the integrated Sachs-Wolfe effect, gravitational lensing and Shapiro
time delay. The integrated Sachs-Wolfe effect is the gravitational redshift that occurs
when light travels through a time evolving potential. For example, when the light
from a distant galaxy travels into a large overdense region, such as a supercluster,
it gains potential energy. When the light leaves the supercluster, it must loose that
energy to climb the gravitational potential up. However, dark energy stretches and
flattens the potential in the meantime, and allows the light to keep some of the energy
it gained. Similarly, light leaving large underdense regions, such as supervoids, looses
some of its initial energy. Gravitational lensing, unlike all of the previous effects, dis-
torts the apparent position and number of background galaxies. There are two regimes
of gravitational lensing, called strong and weak gravitational lensing, depending on the
amplitude of the deflection angle in the photon path. While the presence of any mass
bends the trajectory of light passing near it, this effect rarely produces the giant arcs
and multiple images associated with strong gravitational lensing. Most lines of sight
in the universe are in the weak lensing regime, in which the deflection is impossible to
detect in a single background source. Weak gravitational lensing is indeed an intrinsi-
cally statistical effect describing how small deflection angles all along the photon paths
alter the galaxy distribution. The main effect of gravitational lensing in LSS measure-
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ments is the magnification and distortions of observed areas in the sky. Because of
multiple small deflections of the photon path due to the inhomogeneities between the
sources and the observer, the physical area containing the sources and subtended by a
solid angle at the observer is different from the apparent one. Another important and
consequent effect of gravitational lensing is flux magnification. A galaxy survey can
only detect galaxies whose flux is greater than the detector sensitivity. By magnify-
ing (or demagnifying) the area containing the galaxies, the gravitational lensing effect
decreases (increases) the observed flux and thus we detect a lower (higher) number of
sources. Finally, the Shapiro time delay is the change in the radial distance to the
source galaxy due to the gravitational potentials that the photons encounter from the
source to the observer. The gravitational potentials of the inhomogeneities cause a
time delay in the arrival of photons, which increases the path length. In this thesis
we deal with the luminosity distance, the galaxy number density, the galaxy two-point
correlation function and the galaxy power spectrum, but the relativistic effects enter
in many other LSS observables such as, for example, the Lyman-alpha forest, 21-cm
intensity mapping and the Hubble diagram.
CHAPTER 2
Cosmological Perturbation Theory
In this chapter we review the basic equations and concepts of the universe evolution in
perturbation theory. In this approach, the inhomogeneities responsible for the general
relativistic effects in the light propagation are treated as small perturbations from
a fictitious perfectly homogeneous and isotropic background. We will first introduce
the geometry (described by the metric tensor) and the energy-momentum tensor of
the background universe in sec. 2.1, presenting the equations governing the evolution
of both the universe expansion and the energy density of its components. Then, in
sec. 2.2, we will consider the inhomogeneities in the real universe, describing them as
small variations of the geometry and of the energy-momentum tensor. This allows us to
solve for their evolution in perturbation theory. After discussing the issues associated
with the gauge freedom of general relativity, we will therefore present the evolution
equations for the perturbations and their initial conditions.
2.1 The homogenous and isotropic universe
In general relativity the geometry and the causal structure of the space-time is de-
scribed by the metric tensor gµν . The metric of the homogenous and isotropic back-
ground universe is the Friedmann Lemaître Robertson Walker (FLRW) metric:
ds2 = gµνdxµdxν = −dt2 + a2(t) qij dxidxj = a2(η)( − dη2 + qij dxidxj) , (2.1)
where xµ is a generic space-time coordinate (µ = 0, . . . ,3), t is cosmic time, a(t) is
the scale factor, qij is the spatial metric tensor, xi is a generic spatial coordinate
(i = 1,2,3) and η is conformal time. Cosmic time represents the proper time of an
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observer who sees a spatially homogeneous and isotropic universe. It is the choice of
time coordinate x0 that foliates the four-dimensional space-time manifold into three-
dimensional spatial slices of constant curvature. Conformal time is related to cosmic
time via dη = dt/a and its definition allows one to write the FLRW metric conformally
to the Minkowski metric. The scale factor parametrizes the relative expansion of the
universe with values ranging from zero at the big bang to one at the present time. It
is linked to the cosmological redshift as 1 + z = 1/a, and to the temperature of the
universe as T = T0/a, where T0 is the temperature today. The spatial metric can be
written in spherical coordinates as
qij dx
idxj = dr2 + S2K(r)dΩ2 = dr2 + S2K(r)(dθ2 + sin2 θdφ2) , (2.2)
where K is the curvature parameter and the analytical function SK(r) of both r and
K is given by
SK(r) ≡ ⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
1/√K sin(√Kr) K > 0 ,
r K = 0 ,
1/√K sinh(√Kr) K < 0 . (2.3)
The coordinates (r, θ, φ) are called comoving coordinates and for a particle moving on
a background geodesic they remain constant as the universe expands.
While the metric tensor describes the geometry of space-time, the density and
flux of energy and momentum in space-time are described by the energy-momentum
tensor. In a homogeneous and isotropic universe, the energy-momentum tensor is that
of a perfect fluid and can be written in terms of the energy density ρ and pressure p
of the fluid as
Tµν = (−ρg00 00 p gij) , (2.4)
where the scale factor enters through the components of the metric. Note that, written
in this way, the energy-momentum tensor is independent on our choice of coordinates.
2.1.1 Friedmann and energy conservation equations
We now have all ingredients to introduce the Einstein equations, which govern the
evolution of the scale factor, and the energy conservation equations, which govern the
evolution of the energy density for different components. We first write down the
Einstein equations for a generic space-time:
Rµν − 1
2
Rgµν +Λ gµν = 8piGTµν , (2.5)
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where Rµν is the Riemann tensor and R is the Ricci scalar. In a homogeneous and
isotropic universe the Einstein equations reduce to the Friedmann equations:
H2 + K
a2
− Λ
3
= 8piG
3
ρ ,
2
a¨
a
+H2 + K
a2
−Λ = −8piGp ,
(2.6)
where a dot denotes derivative with respect to cosmic time and H = a˙/a is the Hub-
ble parameter describing the universe expansion rate. It is common to define also a
conformal Hubble parameter H = a′/a = aH, where a prime denotes derivative with
respect to conformal time. Since one usually sets a0 = 1, we have H(η0) ≡ H0 =H(t0) ≡
H0 ≡ h ⋅ 100km/s/Mpc, with h ≃ 0.7.
We now consider the energy conservation equations: ∇µT µν = 0, where ∇µ is the
covariant derivative. By taking the ν = 0 component we obtain the conservation law
in an expanding universe:
ρ′ = −3H(ρ + p) . (2.7)
The conservation law can be applied immediately to glean information about the scaling
of different components with the expansion. Indeed, by specifying the equation of state
for a given component as p = wρ, where w = constant, one obtains
ρ = ρ0 a−3(1+w) , (2.8)
from which the evolution of the energy density for that component is inferred. For
instance, in the case of matter we have w = 0 and therefore ρm ∝ a−3, for radiation and
relativistic particles we have w = 1/3 and therefore ρr ∝ a−4, while for the cosmological
constant we have w = −1 and therefore ρΛ = contant.
From the first Friedmann equation without dark energy (Λ = 0) one can derive the
value of the energy density for which the spatial geometry is flat, i.e. K = 0. This
value is called the critical density and it is given by
ρc = 3H2
8piG
. (2.9)
With this one can define the density parameter Ω = ρ/ρc for every component. In this
thesis we will deal with the matter density parameter, the radiation density parameter,
the baryon density parameter and the dark energy density parameter, respectively
defined as
Ωm = ρm(t0)/ρc(t0) , (2.10)
Ωr = ρr(t0)/ρc(t0) , (2.11)
Ωb = ρb(t0)/ρc(t0) , (2.12)
ΩΛ = ρΛ(t0)/ρc(t0) . (2.13)
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Note that the first Friedmann equation implies 1 = ∑i Ωi, which is usually used to fix
the dark energy content of a flat universe as ΩΛ = 1 −∑i≠Λ Ωi. Finally, we can write
down the first Friedmann equation in terms of the evolution of the Hubble parameter
as a function of redshift:
H(z) =H0√Ωr(1 + z)4 +Ωm(1 + z)3 +ΩK(1 + z)2 +ΩΛ + ... , (2.14)
where ΩK = −K/H20 is the curvature density parameter and the dots stand for any
additional components in the universe such as baryons or neutrinos. In conclusion, the
Ω parameters fix the background evolution of the universe given by a(t). However, the
differential equation for a(t) has no general analytic solution.
2.1.2 Distances in cosmology
We conclude this section by discussing the notions of distances and horizons in cos-
mology. First of all, the comoving distance to a source emitting photons at time tz
(corresponding to the redshift z) that are detected at the present time t0 (corresponding
to redshift zero) is given by
rz = η0 − ηz = ∫ t0
tz
dt′
a(t′) = ∫ z0 dz′H(z) . (2.15)
Note that the comoving distance does not change in time if the source moves only with
the expansion. At this point it is also important to stress that the only way we have to
infer the time of photon emission is by measuring the redshift. This fact should be kept
in mind as it is essential for understanding the description of light-cone observables
later on in this thesis. From the above definition of the comoving distance we realize
that conformal time corresponds to the maximum distance that the light could have
travelled at time t since t = 0
η = ∫ t
0
dt′
a(t′) , (2.16)
also called the comoving horizon, as no signal can propagate further. We can now
define the particle horizon as the corresponding proper distance
RH(t) = a(t)∫ t
0
dt′
a(t′) . (2.17)
The particle horizon should not be confused with the Hubble radius defined as H−1.
Indeed, events separated by a distance greater that RH were never in causal contact
while events separated by a distance greater than H(t)−1 are not in causal contact at
time t.
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A common way to determine distances in cosmology is to measure the angle θ
subtended by an object of known physical size l. The distance to that object, called
the angular diameter distance, is then given by
DA = l
θ
, (2.18)
assuming that θ is small. In a spatially flat expanding universe its derivation yields
DA(z) = rz
1 + z . (2.19)
Another way to infer distances in comsology is to measure the flux F from an object
of known luminosity L. The distance to that object, called the luminosity distance, is
then given by
DL = √ L
4piF
, (2.20)
which is also valid in an expanding universe as long as we define
DL(z) = rz(1 + z) . (2.21)
The Etherington relation links DA to DL through
DL(z) = (1 + z)2DA(z) , (2.22)
where one factor of (1+ z) comes from the arrival time delay of photons and the other
is due to the redshift of individual photons.
2.2 The inhomogenous universe
We now leave the comfortable (back)ground of a homogenous and isotropic universe
to discuss the properties of our real inhomogeneous universe. The way we introduce
inhomogeneities in perturbation theory is through small perturbations to the metric
tensor and the energy-momentum tensor of the background. We can write the metric
gµν of the inhomogeneous universe as gµν = g¯µν + δgµν , where g¯µν is the background
metric and δgµν is a small perturbation around it. Analogously, the energy-momentum
tensor can be written as Tµν = T¯µν + δTµν . From now on we will use a bar to denote
quantities in the background, which we assume to be flat (K = 0), and we will implicitly
use Cartesian spatial coordinates (qij = δij).
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2.2.1 Perturbed metric and energy-momentum tensors
The perturbations to the background FLRW metric are represented by
δgµνdx
µdxν = −2a2Adη2 − 2a2Bi dηdxi + 2a2Cij dxidxj . (2.23)
Since the metric tensor is symmetric, it has ten independent components and therefore
10 degrees of freedom. Using the scalar-vector-tensor decomposition, the perturbation
variables can be expressed in terms of 4 scalar, 4 vector and 2 tensor degrees of freedom
(readily distinguishable by their spatial indices) as
A ≡ α ,Bi ≡ ∂iβ +Bi ,Cij ≡ ϕqij + ∂i∂jγ + 1
2
(∂iCj + ∂jCi) +Cij , (2.24)
where Bi and Ci are divergenceless vectors (∂iBi = ∂iCi = 0) and Cij is a symmetric,
traceless tensor (∂iCij = Cii = 0). In this way we have have exactly 10 degrees of
freedom: one from each scalar (α, β, ϕ, γ), two from each vector field (Bi, Ci) and
two from the tensor field (Cij), with the advantage that the scalar, vector and tensor
evolution equations are decoupled in linear theory. For the energy-momentum tensor
we have
Tµν = pgµν + (ρ + p)uµuν + qµuν + qνuµ + piµν , (2.25)
where ρ = T µνuµuν represents the energy density, p = 13T µν(gµν + uµuν) is the isotropic
and entropic pressure, qµ is the energy flux and piµν is the anisotropic pressure of the
fluid, all measured by an observer with four-velocity uµ such that uµuµ = −1. Note
that the time component of the four-velocity is fixed by the normalization
u0 = −a (1 + α) ,
u0 = 1
a
(1 − α) , (2.26)
while for the spatial components we set
ui = 1
a
vi ,
ui = a(vi − Bi) . (2.27)
The spatial part vi can be further decomposed into its scalar and vector components
as vi = −∂iv + V i, where ∂iV i = 0. We now write the linear order perturbations to the
energy density and the pressure as
ρ = ρ¯ (1 + δ) ,
p = p¯ + δp . (2.28)
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With these definitions the perturbed part of the energy-momentum tensor is given by
δT00 = a2ρ¯ (δ + 2A) ,
δT0i = a2[ − (ρ¯ + p¯)vi − p¯Bi − qi] ,
δTij = a2[qijδp + 2p¯Cij] + piij . (2.29)
Finally, we decompose the anisotropic stress into its scalar, vector and tensor part as
piij = (∂i∂j − 1
3
qij∆)Π + 1
2
(∂iΠj + ∂jΠi) +Πij . (2.30)
2.2.2 Gauge invariance
At this point, before writing down the perturbed Einstein equations and energy-
momentum conservation equations, it is rightful to discuss the issues associated with
the gauge freedom of general relativity. The problem is that, since the theory is in-
variant under coordinate transformation, the perturbations are not uniquely defined,
but depend on our gauge choice. Indeed, when we introduce perturbations, we are
dealing with two different space-times: the physical space-time gµν and the fictitious
background g¯µν with respect to which the perturbations are defined. For a given co-
ordinate system in the background there is no unique choice of coordinates in the
perturbed space-time. Different coordinate systems are related by a gauge transfor-
mation and fixing them corresponds to a gauge choice. To clarify this, let us consider
a generic coordinate transformation
xµ Ð→ x˜µ = xµ + ξµ(x) , (2.31)
where ξµ = (T,Li) and we further decompose the spatial component into scalar and
vector part as Li = ∂iL + Li, where ∂iLi = 0. Note that T , L and Li are all functions
of the coordinate xµ. The gauge transformation for a tensor G is given in terms of the
Lie derivative along the field ξµ
G˜(x) = G(x) − £ξG(x) , (2.32)
so that for the metric tensor we have
g˜µν = gµν − ξρ∂ρgµν − ∂µξρgρν − ∂νξρgµρ . (2.33)
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For the metric perturbations δgµν this implies
α˜ = α − T ′ −HT , (2.34)
β˜ = β − T +L′ , (2.35)
γ˜ = γ −L , (2.36)
ϕ˜ = ϕ −HT , (2.37)
B˜i = Bi +L′i (2.38)
C˜i = Ci −Li , (2.39)
C˜ij = Cij . (2.40)
On other hand, for the energy momentum tensor Tµν one obtains
δ˜ = δ − ρ¯′
ρ¯
T , (2.41)
δ˜p = δp − p¯′T , (2.42)
v˜ = v − T , (2.43)
V˜i = Vi +L′i , (2.44)
p˜iij = piij . (2.45)
We now see that, if we start in a gauge where, for instance, g00 is unperturbed (α =
0), a gauge transformation can introduce a perturbation α˜ = −T ′ −HT . In general,
with a gauge transformation we can introduce spurious degrees of freedom in the
metric perturbations which are unphysical but still satisfy the Einstein equations. The
problem is now to distinguish physical perturbations and spurious gauge modes. Since
the perturbation δgµν is a symmetric tensor, it has 10 degrees of freedom: 4 scalar,
4 vector and 2 tensor degrees of freedom. With a coordinate transformation one can
eliminate 2 scalar and 2 vector degrees of freedom, obtaining the 6 physical degrees
of freedom of the theory. Finally, we are left with 2 scalars, 1 transverse vector and
1 transverse, traceless tensor. A gauge choice fixes how these 6 physical d.o.f. are
combined in δgµν , as one can remove perturbations from the metric with an appropriate
gauge transformation. Different choices of gauge are
• Poisson gauge: In this gauge the metric has the following form:
ds2 = a2(η){ − (1 + 2α)dη2 − 2Bi dηdxi + [(1 + 2ϕ)qij + 2Cij]dxidxj} . (2.46)
This means that the gauge conditions are given by
γ˜ = γ = 0 → L = 0 ,
β˜ = β = 0 → T = 0 ,
C˜i = Ci = 0 → Li = 0 . (2.47)
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• Conformal Newtonian gauge: The conformal Newtonian gauge is a restricted ver-
sion of the Poisson gauge with scalar perturbations only. The scalar perturbation
variables commonly used are
ψ = α −H(β + γ′) − (β′ + γ′′) , (2.48)
φ = ϕ −H(β + γ′) . (2.49)
In this case, the metric becomes
ds2 = a2(η){ − (1 + 2ψ)dη2 + (1 + 2φ)qijdxidxj} . (2.50)
• Synchronous-comoving gauge: In this gauge, the time-time component and the
space-time component of the metric tensor are unperturbed
ds2 = a2(η){ − dη2 + (qij + 2Cij)dxidxj} . (2.51)
This means that the gauge conditions are given by
α˜ = α = 0 → (aT )′ = 0 , (2.52)
β˜ = β = 0 → T = L′ , (2.53)
B˜i = Bi = 0 → L′i = 0 , (2.54)
which do not fix the gauge freedom completely.
One important point to stress is the following: observables are gauge-invariant, i.e.
they do not transform under gauge-transformation, as the result of a measurement
cannot depend on our choice of coordinates. As a consequence, the gauge-invariance
of general relativity offers a powerful way to check the validity of theoretical predic-
tions derived in perturbation theory. However, If we fix the gauge before starting the
computations we cannot check the gauge-invariance of any expression. The solution is
to introduce gauge-invariant variables, i.e. combinations of metric perturbation which
do not transform under a gauge transformation, and which therefore represents phys-
ical degrees of freedom. For the metric the most important gauge-invariant variables
are given by the Bardeen potentials defined above as ψ and φ, while for the energy-
momentum tensor the comoving gauge (v = 0) density perturbation is gauge-invariant:
δv = δ − (ρ¯′/ρ¯)v. We will come back to the gauge problem in chapter 3, where we
will demonstrate the importance of following a gauge-invariant formalism even for a
non-perturbative approach to the LSS observables.
2.2.3 Einstein and energy-momentum conservation equations
We can finally write down the perturbed Einstein equations. At linear order, the
scalar, vector and tensor perturbations do not mix and can therefore be considered
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separately. By switching to Fourier space and choosing the Poisson gauge, where
the metric perturbations α and ϕ correspond to the Bardeen potentials ψ and −φ
respectively, the linearized Einstein equations read
• ‘00’ equation
k2φ + 3H(φ′ +Hψ) = −4piGa2ρ¯δ , (2.55)
• ‘0i’ equations
ki(φ′ +Hψ) = (H2 −H′)kiv , (2.56)
k2Bi = 4(H2 −H′)(Vi −Bi) , (2.57)
• ‘ij’ equations (∂η + 2H)k2Bi = 8piGa2k2Πi , (2.58)
(1
3
qijk
2 − kikj)(φ − ψ) = 8piGa2(1
3
qijk
2 − kikj)Π , (2.59)
φ′′ + 3Hφ′ + (2H′ +H2)φ = 4piGa2δp , (2.60)
(∂2η + 2H∂η + k2)Cij = 8piGa2Πij . (2.61)
By combining eqs. (2.55) and (2.56) with the definition of the matter density pertur-
bation in the comoving gauge, δv = δ+3Hv, and the background Friedmann equations,
we also obtain the Poisson equation− k2φ = 4piGa2ρ¯ δv . (2.62)
The equations governing the evolution of the fluid quantities are derived from the
energy-momentum conservation ∇µT µν = 0. For ν = 0 we obtain the continuity equation
δ′ + (1 +w)(−k2v − 3φ′) + 3H (δp
δρ¯
−w) δ = 0 . (2.63)
For ν = i we obtain the Euler equation
V ′ +HV − 3HwV − kψ = δp(1 +w)ρ¯ , (2.64)
where we defined V = kv. Note that, if one considers more components in the universe,
the continuity and Euler equations hold if the energy-momentum of the different com-
ponents is separately conserved. In this case one can specify the continuity and Euler
equations for a given component. On the other hand the Einstein equations determine
the metric induced by the full perturbations, i.e., one has to consider the sum over all
components in the fluid quantities.
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2.2.4 Initial conditions and linear growth
In order to solve for the evolution of the perturbations until the formation of the large
scale structure in which we are interested, we also need to know the initial conditions.
Any mode which is relevant today was outside the horizon back in the past, during
the inflationary epoch, when the perturbations originated. The initial conditions are
therefore set by inflation, which predicts the configurations of these super-horizon
modes. In particular, inflation predicts the power spectrum of the comoving curvature
perturbation ζ = ϕ − Hv. The advantage of considering this quantity is that it is
constant on super-horizon scales (k ≪ H). Indeed, by using the Einstein equations,
one can show that
d ln ζ
d lna
∼ ( kH)2 . (2.65)
This means that, for each mode k, the value of ζk at horizon exit during inflation
remains unchanged until horizon entry. Therefore, one can relate the super-horizon
values of the perturbations (ψk, φk, δk, vk etc.) to the constant value ζk until horizon
entry, and then study their evolution through radiation domination and/or matter
domination, depending on the time of horizon crossing. In matter domination, since
cold dark matter produces no pressure, all modes grow uniformly independently of the
wavevector k. As we mentioned in the introduction, the evolution of perturbations
is described by the transfer function. If we consider, for instance, the matter density
fluctuation, we can write
δk(η) = Tδ(k, η)ζk . (2.66)
In general, the transfer function T (k, η) can be factorized as T (k)D(η), where T (k)
describes the evolution between horizon exit and entry, while the growth function D(η)
describes the wavelength-independent evolution at late times. To obtain the exact
expressions of the transfer functions for different perturbations, codes such as CAMB
and CLASS solve the hierarchy of Boltzmann equations and Einstein equations. The
latter also provide relations between the transfer functions of different perturbations
at late times. For instance, the Poisson equation for matter
− k2φ = 3H20 Ωm
2a
δ , (2.67)
where we substituted ρ¯ = Ωmρ¯c a−3 and 4piGρ¯c = 3H20/2 into eq. (2.62), links the transfer
function Tφ of the gravitational potential to that of the matter perturbation as
Tφ = −3Ωm
2a
(H0
k
)2Tδ . (2.68)
Therefore, in order to solve for the wavelength-independent evolution of the matter
density perturbation during matter domination, we can use eq. (2.60) for cold dark
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matter
φ′′ + 3Hφ + (2H˙ +H2)φ = 0 . (2.69)
Indeed, since φ∝ δ/a, we obtain
δ′′ +Hδ′ + (H′ −H2)δ = 0 . (2.70)
By defining δ(η) = δ(η in)D1(η)/D1(η in), where η in is the time of horizon entry (or any
later time), the above equation can be written as
d2D1
da2
+ (2 −Ωm(a)) 3
2a
dD1
da
− 3
2a2
D1 = 0 . (2.71)
The analytic solution is well-known:
D1(a) = a 2F1[1
3
,1,
11
6
,− a3
Ωm(a)(1 −Ωm(a))] , (2.72)
where 2F1 is the hypergeometric function and Ωm(a) = ρm(a)/ρc(a). This result repre-
sents one of the main achievements of linear perturbation theory. Similar predictions
can be obtained for the other perturbation variables, as their growth functions are
linked to D1 through the Einstein equations (see appendix 4.A of chapter 4).
We have described how inhomogeneities in the early universe evolve from the initial
conditions set by inflation to form the large scale structure we observe today. Knowl-
edge of the perturbations’ growth at any time is essential for the purpose of this thesis,
that is: providing accurate theoretical prediction for LSS observables. Indeed, the
perturbations are responsible for the relativistic effects in the measurements of these
observables, as they alter the photon propagation. In a redshift survey, galaxy posi-
tions are identified by measuring the redshift z and the angular direction nˆ = (θ, φ)
of incoming photons. The photons emitted by distant galaxies travel along the past
light-cone of the observer, who measures their redshift and angular direction in his rest
frame. Because of the perturbations between the sources and the observer, in order to
relate the values z, θ, φmeasured in the observer rest frame to the real source positions,
one has to solve the perturbed null geodesic equation. For a complete description of
how the geodesic equation can be used to trace the photon path backward from the
observer and solve for the real source positions we refer to [72]. In the following chap-
ters we will use the geometric approach presented in [72] to compute the distortions
in the source positions and derive expressions for LSS observables in general relativity.
In particular, we will consider the luminosity distance, the galaxy number density, the
galaxy two-point correlation function and the galaxy power spectrum.
CHAPTER 3
Observables and Gauge-Invariance in the
Geodesic Light-Cone Formalism
Preface
In this chapter, which is thoroughly based on the work presented in [1], we introduce
some of the key light-cone observables used in modern cosmology and topic of this
thesis. These are the observed redshift, the luminosity distance and the physical area
and volume of the observed source field. The other main light-cone observables − the
galaxy number density, the galaxy correlation function and the galaxy power spectrum− will be studied in the following chapters to provide a comprehensive description of
galaxy clustering and large scale structure observations. The focus of this chapter is
on the use of gauge invariance as a validity check for theoretical predictions in general
relativity. Indeed, as discussed in chapter 2, the expressions for physical observables
must be independent on our gauge choice. We use this crucial property to test the
validity of the expressions for the above mentioned light-cone observables when these
are derived using Geodesic Light-Cone (GLC) coordinates. The GLC coordinates are
interesting because they allow analytic expressions for light-cone observables, providing
a non-perturbative way for calculating the effects of inhomogeneities in our universe.
In order to show explicitly the gauge invariance of these expression and the validity
of the GLC approach we develop a dictionary between the latter and the usual per-
turbative approach described in chapter 2. This dictionary allows to derive the gauge
transformation properties of the GLC quantities directly from those of the usual per-
turbation variables. By comparing the results obtained in the GLC approach with
those of perturbation theory we also demonstrate the full consistency of the two meth-
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ods. This chapter provides the complete theoretical framework and all technical tools
necessary to achieve the results presented in following chapters. Despite the fact that
we will only use perturbation theory to investigate the effect of inhomogeneities on
the galaxy number density, the galaxy correlation function and the galaxy power spec-
trum, the study of light propagation in GLC coordinates offers a powerful insight on
the theoretical description of large scale structure observations.
Based on:
[1] F. Scaccabarozzi and J. Yoo,
“Light-Cone Observables and Gauge-Invariance in the Geodesic Light-Cone For-
malism”,
JCAP 1706 (2017) no.06, 007, [arXiv:1703.08552].
Abstract. The remarkable properties of the geodesic light-cone (GLC) coordinates al-
low analytic expressions for the light-cone observables, providing a new non-perturbative
way for calculating the effects of inhomogeneities in our Universe. However, the
gauge-invariance of these expressions in the GLC formalism has not been shown ex-
plicitly. Here we provide this missing part of the GLC formalism by proving the
gauge-invariance of the GLC expressions for the light-cone observables, such as the
observed redshift, the luminosity distance, and the physical area and volume of the
observed sources. Our study provides a new insight on the properties of the GLC
coordinates and it complements the previous work by the GLC collaboration, leading
to a comprehensive description of light propagation in the GLC representation.
3.1 Introduction
The next generation of galaxy surveys will probe the Universe with high precision
at very large scales [49, 50, 51]. Due to the precision achieved by observations, the
theoretical representation of what is observed can no longer rely on the assumption
that our Universe is homogeneous and isotropic. Indeed, the light we measure in galaxy
surveys is affected by the local inhomogeneities distributed along its path. To attain
the level of accuracy set by the precision of observations, theoretical predictions must
take into account the relativistic effects generated by the inhomogeneities, which play
a key role at the large scales explored (see for instance [52]). Only in this way we can
avoid misinterpretation of surveys’ measurements and extract the maximum physical
information underlying the data (see [53, 54]).
Many studies have been devoted to developing a relativistic description of the ob-
servables containing the information carried by the light. In most works, the descrip-
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tion of the inhomogeneities in our Universe is obtained by adding perturbations to a
homogeneous and isotropic FRW metric (see e.g. [55]). In this case, the application
of perturbation theory and general relativity enables the derivation of theoretical ex-
pressions for physical observables, accounting for the effects of the inhomogeneities to
a certain perturbative level. Furthermore, it is often the case that specific gauge con-
ditions are imposed to the metric perturbations before the calculations are performed.
In order to simplify the task of making theoretical predictions in the context of
general relativity, the geodesic light-cone (GLC) coordinates were introduced in [56].
The GLC coordinates belong to a larger class of adapted coordinates that goes back
to the pioneering works [57, 58, 59, 60]. Contrary to the perturbative approach, the
GLC coordinate system defines an exact (non-perturbative) metric representation of
our Universe accounting for inhomogeneities. This representation is greatly helpful
for problems associated with the observation of light sources lying on the past light-
cone of a given observer, allowing fully non-linear and simple expressions of light-
cone observables: the observed redshift, the luminosity distance, and the physical
area and volume occupied by sources. Once the expression of a given observable is
obtained analytically in the GLC representation, it can be expressed perturbatively in
any choice of gauge conditions by connecting the GLC metric to the chosen gauge with
a coordinate transformation valid at the desired order in the perturbative theory.
In [61, 62, 63] the GLC metric was expressed in the conformal Newtonian gauge
(or Poisson gauge when the calculations are extended to second order), computing the
observed redshift and the luminosity distance in the presence of inhomogeneities. In
these works, the GLC angular coordinate was intended to describe the observed angle
of the source. However, the subtle difference between the observed angle in the observer
rest frame and that in a global coordinate was neglected. Furthermore, the presence of
additional degrees of freedom in the GLC variables was not taken into account. This
was considered later in [64, 65], but without describing explicitly how to make use of
the residual gauge freedom associated to the GLC representation.
In [64] the normalization condition for the GLC angular coordinate was fixed, bring-
ing the expression of the luminosity distance derived with the GLC approach fully con-
sistent with other approaches. Indeed, as we showed in [66], the geometric approach,
the Sachs approach, the Jacobi mapping approach and the GLC approach reproduce
the same correct prediction in the conformal Newtonian gauge.
After the correction suggested in [64], the GLC approach has been successfully
used to calculate the expressions of the light-cone observables up to second order in
perturbation theory in the Poisson gauge (see [64, 67, 68, 69]). However, an explicit
proof of gauge-invariance for these expressions is missing in the literature. According
to the general covariance of general relativity, any coordinate can be used, but the
expressions of observables must be the same in any choice of gauge conditions [55].
The purpose of this chapter is to provide this missing part of the GLC formalism.
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Despite the consistency of the previous results [61, 62, 63, 64, 67, 69, 68], we believe
that it is important to prove the gauge-invariance by connecting the GLC metric to
the most general perturbed FRW metric without choosing a gauge condition. This
proof will ensure that the GLC expressions for the light-cone observables are identical
in any gauge conditions beyond the gauge choices studied in previous works. In our
derivation we will take into account perturbations to the first order, and we will consider
all possible degrees freedom associated to the GLC variables, showing that the final
expressions for the light-cone observables are independent from our normalization.
Furthermore, we will check the consistency with the approach introduced in [70, 71,
72] to describe the propagation of light in an inhomogeneous universe. This latter
successfully reproduces the light-cone observables in a covariant and gauge-invariant
way, providing us with a yardstick to compare all results.
The organization of the chapter is as follows. In sec. 3.2.1, we introduce the GLC
coordinates, describing their properties and features. In sec. 3.2.2, we express the GLC
variables and metric components in terms of the metric perturbations of a general
FRW representation. In sec. 3.2.3, we take a gauge transformation of the metric
perturbations. Then, we calculate how the GLC quantities change accordingly. Then
we derive with the GLC approach the expressions of the observed redshift in sec. 3.3.1,
the luminosity distance in sec. 3.3.2, and of the source volume in sec. 3.3.3, showing
the gauge-invariance. We conclude with a discussion in sec. 3.4.
Throughout the chapter, we set the speed of light c ≡ 1, we use the Greek in-
dices µ, ν, ρ, σ for the spacetime components, the Greek indices α,β, γ, δ for the spatial
components and the Latin indices a, b, c, d for the angular components.
3.2 GLC Representation
Adopting the GLC representation one can write down exact (non-perturbative) ex-
pressions for light-cone observables. For this reason, it has been successfully used to
derive the expressions for the observed redshift, the luminosity distance of faraway
galaxies and the observed galaxy number density. However, in order to compute these
expressions, one always has to convert the final expressions of these observables into
those in the FRW metric with a particular choice of gauge conditions. Since physical
quantities should be independent of our choice of gauge conditions for computation,
this procedure should not cause any ambiguity, provided that the GLC approach is
valid in any of these gauge choices. In this section, after presenting the GLC coordi-
nates in detail, we perform a coordinate transformation from the GLC representation
to the most general FRW metric representation at first order in perturbations. Then
we take a gauge transformation and study how the GLC quantities transform.
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3.2.1 GLC coordinates and their main properties
The GLC coordinates, first introduced in [56], constitute a special coordinate system,
which is particularly suitable when the purpose is to extract physical information from
the light emitted by distant sources. The GLC coordinates xµGLC = (w, τ, θ˜a) are defined
by the line element1
ds2GLC = Υ2dw2 − 2 Υdw dτ + γab (dθ˜a −Uadw)(dθ˜b −U bdw) , (3.1)
which specifies the metric tensor in the GLC representation:
gGLCµν =
⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣
Υ2 +U2 −Υ −Ub
−Υ 0 0⃗
−Ua 0⃗ γab
⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
, gµνGLC =
⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣
0 −1/Υ 0⃗
−1/Υ −1 −U b/Υ
0⃗ −Ua/Υ γab
⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
, (3.2)
√−g = Υ√∣γ∣ , g = det gµν , γ = detγab , µ, ν = w, τ, θ˜, φ˜, a, b = θ˜, φ˜ .
In such coordinates, a generic space-time point is identified by a past light-cone hyper-
surface w, a proper-time hypersurface τ , and the angular position θ˜a measured by the
observer at the tip of the light-cone. In accordance with this definition, w generates the
photon wavevector kµ = ∂µw and is therefore a null coordinate (∂µw∂µw = 0), τ gener-
ates the observer four-velocity uµ = −∂µτ , which follows a geodesic flow (uν∇νuµ = 0)
and satisfies kµuµ = Υ−1, while θ˜a parametrizes a two-sphere orthogonal to the photon
wavevector and is constant along the null geodesics (kµ∂µθ˜a = 0⃗ ). As we shall see,
the metric components can be interpreted as follows: Υ describes the expansion of the
universe, γab is the induced metric on the two-sphere of constant time, Ua represents
a measure of the space-time anisotropy [62].
The physical meaning of the GLC variables and metric components becomes evident
when we consider a homogeneous universe. For a spatially homogeneous and isotropic
FRW metric
ds2 = a2(η)(−dη2 + dr2 + r2dθ2 + r2 sin2 θdφ2) , (3.3)
the transformations from a GLC coordinate xµGLC = (w, τ, θ˜, φ˜ ) and metric components
gµνGLC to a FRW coordinate y
µ
FRW = (η, r, θ, φ) are given by
w = η + r , τ = t , θ˜a = θa = (θ, φ) ,
Υ = a , Ua = 0 , γab = a2 g¯ab , (3.4)
where a(η) is the expansion scale factor, η is the conformal time, t is the proper-time
(such that dt = adη), g¯ab = diag(r2, r2 sin2 θ), which lowers the two-dimensional indices,
1See [65] for the construction of the GLC line element through the coordinate basis vectors
∂⃗w, ∂⃗τ , ∂⃗a.
36
and the FRW metric is written in spherical coordinates. Mind the difference of the
GLC angles (θ˜, φ˜) and the FRW coordinates (θ, φ). For future use, we also define the
two-dimensional (angular) tensor ˆ¯gab = diag(1, sin2 θ), so that g¯ab = r2 ˆ¯gab.
When inhomogeneities in our Universe are taken into account, the light-cone hy-
persurface w and its intersection with the proper-time hypersurface τ are no longer a
cone and a two-sphere, as inhomogeneities generate geometric distortions. However,
when no caustics form on the past light-cone, these inhomogeneous surfaces are still
topologically equivalent to a cone and a uniform two-sphere.2 Consequently, in the
GLC representation, photons travel along the straight line connecting the source point
on the topological two-sphere and the tip of the topological cone. This straightforward
geometry represents the great advantage of the GLC representation, leading to the
simple expressions of light-cone observables.
3.2.2 Coordinate transformation from GLC to perturbed FRW
Physical observables must be the same in any choice of gauge conditions, regardless of
the method adopted for the derivation. Our goal is to establish the gauge-invariance
of light-cone observables derived in the GLC approach. So far light-cone observables
in the GLC representation have been expressed in the conformal Newtonian gauge and
in the synchronous gauge. Despite the consistency of the previous results [56, 61, 62,
63, 64, 65, 67, 68, 69, 73, 74, 75], we believe that it is important to prove the gauge-
invariance by adopting the most general metric without choosing a gauge condition.
This proof will ensure that the GLC expressions for the light-cone observables are
identical in any gauge conditions beyond the two gauge choices studied in previous
works.
First of all, we need to take a coordinate transformation from the GLC to the fully
general perturbed FRW representation accounting for inhomogeneities. In this repre-
sentation the description of the physical universe is obtained by adding perturbations
to a homogeneous and isotropic FRW metric. Considering perturbations only to first
order, the most general perturbed FRW metric tensor describing the physical universe
is
gFRWµν = a2
⎡⎢⎢⎢⎢⎢⎢⎢⎣
−(1 + 2A) −Bα
−Bα ( g¯αβ + 2Cαβ)
⎤⎥⎥⎥⎥⎥⎥⎥⎦
, gµνFRW = 1a2
⎡⎢⎢⎢⎢⎢⎢⎢⎣
−(1 − 2A) −Bα
−Bα ( g¯αβ − 2Cαβ )
⎤⎥⎥⎥⎥⎥⎥⎥⎦
,
(3.5)
2Geometric distortions of the light-cone hypersurface may lead to the intersection of light rays, at
points called caustics. In this situation the GLC formalism fails, as the topological equivalence with
a cone and a uniform sphere obviously breaks down. This issue becomes important for instance at
small scales where strong lensing is involved.
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where α,β = r, θ, φ, and the small perturbations from the background metric are rep-
resented by3,4
δg00 ≡ −2a2A ≡ −2a2α , δg0α ≡ −a2Bα ≡ −a2(β,α +Bα) ,
δgαβ ≡ 2a2Cαβ ≡ 2a2(ϕ g¯αβ + γ,α∣β +C(α∣β) +Cαβ) . (3.6)
We decomposed the metric perturbations into scalars (α,β,ϕ, γ), vectors (Bα,Cα)
and tensors (Cαβ), where the vector perturbations are divergenceless and the tensor
perturbations are both divergenceless and traceless:
Bα∣α = 0 , Cα∣α = 0 , Cαβ∣α = 0 , Cαα = 0 . (3.7)
Here the perturbations depend on the space-time point, the comma is the ordinary
derivative and the vertical bar is the covariant derivative with respect to the three-
spatial metric g¯αβ, which lowers the three-dimensional indices (the affine connections
are given in appendix 3.A). In a global coordinate yµFRW = (η, r, θ, φ), the three-spatial
metric is g¯αβ = diag(1, r2, r2 sin2 θ) and a space-time point is identified by a conformal
time and spherical coordinates with origin at the position of an observer moving with
time-like four-velocity uµ ≡ a−1(1 − α , V α).
The GLC metric tensor in eq. (3.2) is related to the FRW metric tensor in eq. (3.5)
through a coordinate transformation from xµGLC = (w, τ, θ˜a) to yµFRW = (η, r, θa):
gµνGLC(x) = ∂xµ∂yρ ∂xν∂yσ gρσFRW(y) . (3.8)
By solving these differential equations, we obtain the perturbative form of the GLC
quantities. As a result, the coordinates w, τ, θ˜a and the functions Υ, Ua, γab will be
expressed in terms of the coordinates η, r, θa and the metric perturbations A, Bα, Cαβ.
In order to solve the differential equations, we first split the GLC variables into the
background and perturbation quantities: w = w¯ + δw , τ = τ¯ + δτ , θ˜a = ¯˜θa + δθ˜a. In
this way we can simplify the calculations by making use of the background relations in
eq. (3.4). Furthermore, we parametrize the background path x¯µ(r¯) = (η¯o − r¯, r¯, θa) of a
photon traveling from a source to the observer with an affine parameter r¯ representing
the comoving distance
r¯ = η¯o − η = ∫ z¯(η)
0
dz
H(z) , 1 + z¯(η) ≡ a(η¯o)a(η) . (3.9)
3The notation C(α∣β) means symmetrization of the indices. Analogously C[α∣β] means antisym-
metrization.
4By constructing the line element from the metric tensor in eq. (3.5), the dimensions of the per-
turbations are [α] = [ϕ] = 1 , [β] = L , [γ] = L2 , [Br] = 1 , [Ba] = L , [Cr] = L , [Ca] = L2 , [Crr] =
1 , [Cra] = L , [Cab] = L2 , where L is the dimension of a length.
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Here η¯o is the conformal time of the observer today in a homogeneous universe, H(z)
is the Hubble parameter, and 1 + z¯(η) is the redshift parameter of a time coordinate
η.5 The tangent vector to the unperturbed photon geodesic x¯µ(r¯) is the background
photon wavevector k¯µ and the variation of a given function f along x¯µ(r¯) is given by
df
dr¯
= dx¯µ
dr¯
∂f
∂x¯µ
= k¯µ∂µ f = −∂f
∂η
+ ∂f
∂r
, k¯µ = dx¯µ
dr¯
. (3.10)
In [61] the light-cone variables η± ≡ η ± r and the corresponding partial derivatives
∂± = (∂η±∂r)/2, were introduced to simplify the coordinate transformation in eq. (3.8).
The conversion between the light-cone variables and our (background) affine parameter
r¯ is given by
∂− = −1
2
d
dr¯
, ∂+ = ∂
∂η
+ 1
2
d
dr¯
, ∫ η−
η+ dη
′− = −2∫ r¯
0
dr¯′ . (3.11)
Moreover, given a generic function f(r¯) integrated along the background photon path
from the observer to a source, we can extract boundary terms in the following way:
∫ r¯s
0
dr¯ ∂rf = ∫ r¯s
0
dr¯ f ′ + f ∣s
o
, (3.12)
where a prime means the derivative with respect to conformal time, and r¯s represents
the value of the affine parameter r¯ corresponding to the source point along the unper-
turbed photon geodesic. The integration over the comoving distance r¯ can be directly
translated into an integral over conformal time η, justifying the change of derivation
for the integrands. The letters “s” and “o” are used to represent that the quantities
are evaluated at the source and observer positions, respectively.
Let us now put everything together to express the GLC coordinates in terms of the
metric perturbations. First, to obtain w we consider the component ww of eq. (3.8):
w¯ = η + r , d
dr¯
δw = −A + Br + Crr . (3.13)
5In cosmology, the observed redshift z provides the unique physically meaningful way to express
the time coordinate of a source. In the presence of inhomogeneities, the observed redshift z is split into
the background expansion contribution z¯ and a perturbation δz, such that 1+z ≡ (1+ z¯)(1+ δz). The
observed redshift is used to infer the source coordinate time η¯z using the distance - redshift relation
in a homogeneous universe
η¯o − η¯z = ∫ z
0
dz
H(z) ,
and the coordinate time η¯z associated with the observed redshift is different from the source coordinate
time η associated with the redshift parameter z¯ (see eq. (3.45)). Note that the conformal time
today in a homogeneous universe is uniquely determined (given a set of cosmological parameters) as
η¯o = ∫ ∞0 dz/H(z) , and the scale factor a is usually set to unity at η¯o.
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The solution of the differential equation can be written as
δws − δwo = −∫ r¯s
0
dr¯[A − Br − Crr] , (3.14)
where the integrand is a function of the position along the photon path r¯. By using
eq. (3.12) we extract the boundary terms and derive
ws = ηs + rs + δwo − ∫ r¯s
0
dr¯ [α − (ϕ + β′ + γ′′ +Br +Cr′ +Crr)]+ [β + γ′ + γ,r +Cr]s
o
.
(3.15)
In the literature the integration constant δwo is often set to zero. At this point we
do not specify the value of this quantity, which is related to the perturbations to the
photon propagation at observation through the exact relation kµ = ∂µw (see below and
appendix 3.B).6 For a proper-time τ we consider the component ττ of eq. (3.8):
τ¯ = t , ∂
∂η
δτ = aα ; τs = ∫ ηs
0
dη a [1 + α] . (3.16)
For the GLC angles θ˜a we consider the component wa of eq. (3.8):
¯˜θa = θa , d
dr¯
δθ˜a = Ba + 2Cra − g¯ac∂c δw ,
θ˜as = θas + δθ˜ao + ∫ r¯s
0
dr¯ [Ba + 2Cra − g¯ac∂c δw] . (3.17)
We make use of eq. (3.12) to simplify the integration as
θ˜as = θas + δθ˜ao − r¯s δw,ao + r¯s[(β + γ′),a + (γ,r +Cr),a]o+ ∫ r¯s
0
dr¯( r¯s − r¯
r¯sr¯
)ˆ¯gac∂c[α − (ϕ + β′ + γ′′ +Br +Cr′ +Crr)]
+ ∫ r¯s
0
dr¯ [Ba +Ca′ + 2Cra] + [γ,a +Ca]s
o
.
(3.18)
The quantities δθ˜ao and δwo represent initial conditions, related to our choice of nor-
malization at the observer point. These degrees of freedom are related to the residual
gauge freedom of the GLC representation pointed out in [64, 65]. Indeed, as described
in [65], the definition of the GLC coordinates in sec. 3.2.1 does not fully specify the
choice of light-cone and its observed angles. Consequently, it is always possible to
find coordinate transformations that redefine w and θ˜a, but leave the GLC metric un-
changed. These degrees of freedom should be set according to physical constraints,
6It is worth noting that eq. (3.15) can also be obtained from the null condition kµkµ = gµν∂µw∂νw =
0.
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considering the observer peculiar velocity, the gravitational potential at the observer
position and the orientation of directions in the observer rest frame with respect to
the global coordinates. In appendix 3.B we show how to properly fix such freedom in
order to match the GLC angles with the angles measured by the observer in the rest
frame (the observed angles). However, any different choice can be made (for instance,
one can set δθ˜ao = δw,ao = 0) with the GLC angles corresponding to the observed angles
plus a constant at the observer. Naturally, the final expression of physical observables
should not depend on our parametrization, as we show in sec. 3.3.2, where we derive the
luminosity distance without choosing any particular normalization for δθ˜ao and δw
,a
o .
Now, starting again from eq. (3.8), we derive the remaining components of the GLC
variables in terms of the metric perturbations. First, for the expansion factor Υ we
simply consider the component wτ of eq. (3.8):
Υ = a(η)[1 + α − V r − δw′ ] ≡ a [1 + δΥ] , (3.19)
where we defined the fractional perturbation δΥ. The induced metric γab is obtained
by considering the component ab of eq. (3.8):
γab = 1
a2
{(1−2ϕ)g¯ab + [g¯ac∂c δθ˜b − (γ,a∣b +Ca∣b +Cab)+a↔ b]} ≡ 1
a2
[ g¯ab + δγab ] , (3.20)
where we also defined the fractional fluctuation δγab. Finally, to derive the solution
for Ua we need to consider the component τa of (3.8):
Ua = V a + δθ˜a′ . (3.21)
Since Ua = 0 in the homogeneous background, there is no reason to define δUa. Note
that the components of the peculiar velocity appearing in eqs. (3.19) and (3.21) are
given by
V α = Bα − 1
a
δτ ,α , (3.22)
which is obtained from considering the relation uµ = −∂µτ , where uµ = gµνuν = −a (1 +
α ,Bα − Vα).
3.2.3 Gauge transformation of GLC variables
In the previous section we expressed the GLC quantities in terms of the perturba-
tions of a general metric representation. Using the gauge transformation of the metric
perturbations we derive the gauge transformation of the GLC variables.
We consider the most general coordinate transformation: xˆµ = xµ + ξµ , where
ξµ = (T,Lα) and Lα ≡ L,α + Lα . The transformations of the metric perturbations are
well-known
αˆ = α − T ′ −HT , βˆ = β − T +L′ , ϕˆ = ϕ −HT , γˆ = γ −L ,
Bˆα = Bα +Lα′ , Cˆα = Cα −Lα , Vˆ α = V α +Lα′ , Cˆαβ = Cαβ , (3.23)
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where H = a′/a = aH is the conformal Hubble parameter. Based on these gauge
transformation properties we can define gauge-invariant quantities at linear level:
αχ = α − 1
a
χ′ , ϕχ = ϕ −Hχ, Ψα = Bα +Cα′ , Vα = V α + Gα′ , (3.24)
where χ = a (β + γ′) is the scalar shear of the normal observer, transforming as χˆ =
χ−aT . The notation for scalar gauge-invariant variables is set up such that αχ and ϕχ
correspond to the gravitational potentials α and ϕ in the conformal Newtonian gauge
(where χ = 0) [72]. In the same spirit, we defined Gα = γ,α +Cα, which conversely is a
pure gauge term transforming as Gˆα = Gα − Lα. With these definitions we can rewrite
the GLC quantities as
ws = ηs + rs + δwo − ∫ r¯s
0
dr¯ [αχ − ϕχ −Ψr −Crr] + [χ
a
+ Gr]s
o
, (3.25)
τs = ∫ ηs
0
dη [a (1 + αχ) + χ′ ] , (3.26)
θ˜as = θas + δθ˜ao − r¯s δw,ao + r¯s[χa ,a + Gr,a]
o
+ Ga∣s
o
(3.27)
+∫ r¯s
0
dr¯[Ψa + 2Cra + ( r¯s − r¯
r¯sr¯
)ˆ¯gac∂c(αχ − ϕχ −Ψr −Crr)] ,
Υ = a(η)[1 + αχ − Vr +Hχ + ∫ r¯s
0
dr¯ [αχ − ϕχ −Ψr −Crr]′ ] , (3.28)
γab = 1
a2
{(1 − 2ϕχ − 2Hχ ) g¯ab + [g¯ac∂c δθ˜b − (Ga∣b +Cab) + a↔ b]} , (3.29)
Ua = Va − Gα′ + δθ˜a′ . (3.30)
Thanks to the relations in eq. (3.23) we can derive how the GLC variables change
under the gauge transformation:
δwˆs = δws + (δwˆo − δwo) − [T +Lr]so , (3.31)
δτˆs = δτs − a(ηs)Ts , (3.32)
δ ˆ˜θas = δθ˜as + (δ ˆ˜θao − δθ˜ao) − r¯s (δwˆ,ao − δw,ao ) − r¯s [T ,a +Lr,a]o −La∣so , (3.33)
δΥˆ = δΥ −HT , (3.34)
δγˆab = δγab + 2HT g¯ab + [(δ ˆ˜θa − δθ˜a),b +La∣b + a↔ b] , (3.35)
Uˆa = Ua . (3.36)
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Clearly, the proper-time τ is a gauge-invariant physical observable. However, according
to the way we split it, both the background part τ¯ and the perturbation δτ are gauge-
dependent quantities, and the gauge modes associated with the two parts cancel each
other. The same argument applies to the GLC angles θ˜a when the degrees of freedom
in δθ˜ao and δw
,a
o are set to match the observed angles in the rest frame of the observer
(see appendix 3.B), which are gauge-invariant physical observables.
3.3 Gauge-Invariance of the Light-Cone Observables
in GLC
The position of a source galaxy is identified by the observed redshift zs and the observed
angles θaobs = (θobs, φobs), measured in the observer rest frame. Based on these quanti-
ties, the observer infers the source position x¯α by using the distance - redshift relation
in a homogeneous universe. However, the real position xαs of the source is different from
the inferred one x¯αs , because the inhomogeneities affect the photon propagation. To
account for the effect of the inhomogeneities on the real source position with respect to
the inferred position we define the distortion δz in the observed redshift (related to the
time distortion ∆η) and the geometric distortions (δr, δθ, δφ) of the source position.
These can be computed by tracing the photon path backward from the observer to
the source and solving for the real position, as described in [72]. On the other hand,
the advantage of the GLC approach is that the distortions due to inhomogeneities are
already incorporated in the coordinate system. As a consequence, the expressions of
the light-cone observables in the GLC approach can be derived analytically. In this
section we derive the light-cone observables in the GLC approach and show that their
final expressions are gauge-invariant.
3.3.1 Observed redshift
In GLC coordinates, the null geodesic connecting source and observer is characterized
by the tangent vector kµ = δµτ Υ−1, so that the coordinates w and θ˜a are constant along
the photon propagation. Consider photons emitted by a geodesic source at the two-
sphere identified by the past light-cone w of the geodesic observer and the proper-time
of emission τs, and received by the observer at τo. The observed redshift zs of these
photons is then given by the exact relation [56]
1 + zs = (kµuµ)s(kνuν)o = (∂µw∂µτ)s(∂νw∂ντ)o = ΥoΥs . (3.37)
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As a consequence, by using eq. (3.19) and considering that the source is located on the
observer past light-cone (given by w = ηo) at distance rs = ηo − ηs, we obtain
1 + zs = a(ηo)
a(ηs)[1 + δΥo − δΥs] ,
δΥo = αχo − Vro +Hoχo ,
δΥs = αχs − Vrs +Hsχs + ∫ r¯s
0
dr¯ [αχ − ϕχ −Ψr −Crr]′ .
(3.38)
In agreement with eq. (3.34), these first order quantities gauge-transform as δΥˆo =
δΥo −HoTo and δΥˆs = δΥs −HsTs.
Before we proceed we need to consider a coordinate lapse, often ignored in literature
(see [66]): the observer time coordinate in an inhomogeneous universe deviates from
its background value η¯o by
δηo = − 1
a(η¯o) ∫ η¯o0 dη¯ aα = − 1a(η¯o)δτo . (3.39)
This quantity represents the lapse between the coordinate time ηo at the observer and
the observer’s proper-time τo.7 Therefore, by noting the conformal time at the observer
ηo = η¯o + δηo, we have that a(ηo) = a(η¯o)[1 +Hoδηo], and then
1 + zs = a(η¯o)
a(ηs)[1 +Hoδηo + δΥo − δΥs] . (3.40)
Furthermore, since the observed redshift zs is used to identify the time at the source
in a homogeneous universe, we note the conformal time at the source as ηs ≡ η¯z +∆η,
where the time η¯z is defined as the time coordinate at the observed redshift zs and ∆η is
the residual distortion caused by inhomogeneities. With this definition, the comoving
distance to the source is
r¯z ≡ r¯(zs) = η¯o − η¯z = ∫ zs
0
dz
H(z) , (3.41)
which corresponds to the value of the affine parameter r¯ at the time identified by the
observed redshift zs, according to the relation in eq. (3.9). Having introduced the time
7By considering the time component of the observer four-velocity uµ = dxµ/dτ we get the relation
between the proper-time τ and the coordinate time t. Then, the time lapse is obtained by expanding
the coordinate time as t = t¯+δt and taking into account that the proper-time would correspond to the
time measured by the observer in a homogeneous universe, i.e., τ = t¯ at the exact non-perturbative
level. In formulae,
τ(t,x) = t + ∫ t¯
0
dt′α(t′,x) → δt = t − t¯ = t − τ = −∫ t¯
0
dt′α(t′,x) ,
and similarly for conformal time we obtain eq. (3.39).
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distortion ∆η at the source, we define the redshift distortion δz by writing the observed
redshift as
1 + zs = a(η¯o)
a(η¯z) ≡ (1 + z¯)(1 + δz) , 1 + z¯ = a(η¯o)a(ηs) ,
1 + δz = 1 +Hoδηo + δΥo − δΥs= 1 +Hoδηo + [Vr − αχ −Hχ]so − ∫ r¯z0 dr¯ [αχ − ϕχ −Ψr −Crr]′ ,
(3.42)
where 1 + z¯ corresponds to the background expansion, while the redshift distortion δz
(related to the time distortion ∆η) represents the effect of inhomogeneities. Given a
coordinate transformation, the scale factor is related as
ηˆs = ηs + Ts , a(ηˆs) = a(ηs) [1 +HsTs] , 1 + ˆ¯z = (1 + z¯) (1 −HsTs) , (3.43)
and the gauge transformation of the redshift distortion is
δzˆ = δz +HsTs . (3.44)
Naturally, the reciprocal cancellation of these gauge modes proves the gauge-invariance
of the observed redshift derived with the GLC approach.
At this point, by expanding the scale factor at the source as a(ηs) = a(η¯z)[1+Hs∆η],
from eq. (3.40) we obtain
1 + zs = a(η¯o)
a(η¯z)[1 + δz −Hs∆η] , δz = Hs∆η , (3.45)
which yields the relation between time and redshift distortions.
We noticed that in the previous works on the GLC approach and its applications,
the coordinate time lapse δηo was neglected. The primary aim of those works was
to obtain the second order fluctuation in the luminosity distance, where terms at the
observer are not dominant. However, as we showed above, the time lapse at the
observer is essential for ensuring the gauge-invariance of the observed redshift and, as
we shall see, of all light-cone observables.
3.3.2 Luminosity distance
As already mentioned, the observed position and the redshift of source galaxies are
affected by the matter fluctuations and the gravitational waves between the source
galaxies and the observer. The observed flux of the source galaxies is also affected
by the same fluctuations and this effect is described by the fluctuation δDL in the
luminosity distance DL = D¯L(1 + δDL), where D¯L(zs) = (1 + zs) r¯z is the luminosity
distance in a homogeneous universe.
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Let us recall that the luminosity distance DL of a source at redshift zs is related to
the angular diameter distance DA by:
DL = (1 + zs)2DA . (3.46)
With this exact relation, the perturbation of the angular diameter distance and of the
luminosity distance are identical. Therefore, the fluctuation in the luminosity distance
can be obtained by computing the angular diameter distance. In the unperturbed
background and for a source at redshift zs the angular diameter distance is simply given
by D¯A(zs) = a(η¯z) r¯z . When taking inhomogeneities into account this well known result
is modified and the angular diameter distance can be obtained by considering a physical
area dA perpendicular to the light propagation in the rest frame of the source. This
infinitesimal area would appear subtended by a solid angle dΩobs = sin θobs dθobs dφobs
measured by the observer in the rest frame, and it is related to the angular diameter
distance as dA = D2A dΩobs .
In GLC coordinates, the area perpendicular to the photon wavevector at the source
position is given by
dA = D2A dΩobs = √∣γ∣d2θ˜ . (3.47)
This quantity also represents a measure on the two-sphere identified by the redshift zs
and parametrized by θ˜a, where γab is the induced metric. Such measure can be used to
average scalar quantities on the constant redshift two-sphere embedded in the observer
past light-cone, according to the prescription introduced in [56]:
⟨S ⟩w,zs ≡ ∫ d2θ˜
√∣γ(w, τs, θ˜a)∣S(w, τs, θ˜a)
∫ d2θ˜√∣γ(w, τs, θ˜a)∣ = ∫
dAS∫ dA , (3.48)
where S is a generic scalar. From eq. (3.47), the measure d2θ˜
√∣γ∣ is expressed in
terms of the angular diameter distance and the observed solid angle (both gauge-
invariant quantities) yielding a gauge-invariant prescription for the light-cone average.
We also note that the physical area element in GLC coordinates (dA = √∣γ∣d2θ˜ ) does
not depend on how we fix the degrees of freedom in the GLC angles (see sec. (3.2.2)
below eq. (3.18)). Indeed, when no condition is imposed, the GLC angles are generally
given by the observed angles plus a constant at the observer. As a consequence,
the differentiation of the GLC angles is the same whatever value the constant at the
observer has, leaving the physical area unaffected by our choice for the GLC angles.
Regarding the angular diameter distance, as we show in appendix 3.B, when the GLC
angles are matched to the observed angles, θ˜a = (θobs, φobs), eq. (3.47) reduces to the
simple formula D2A = √∣γ∣
sin θ˜
. (3.49)
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On the other hand, when no condition is imposed to fix the degrees of freedom in θ˜a,
the angular diameter distance is generally given by
D2A = √∣γ∣ d2θ˜dΩobs . (3.50)
We are now going to calculate the expression of DA, demonstrating that indeed the
final result does not depend on our choice of angles. From eq. (3.20), the determinant
γ = detγab is given by
γ = a4r4 sin2 θ [1 + 4 (ϕχ +Hχ) − 2∂a δθ˜a + 2 g¯ab(Ga∣b +Cab)] . (3.51)
Note that to the first order in perturbations the determinant is γ = γ11γ22, because the
off-diagonal entries contain only first order terms and their product would be of second
order. Furthermore, for these diagonal matrix elements the operator ∂a commutes
with g¯ab. After substituting the expression of γ in eq. (3.51), we can write the angular
diameter distance as
D2A = a2sr2s[1 + 2 (ϕχ +Hχ) − ∂aδθ˜a + g¯ab(Ga∣b +Cab)] sin θssin θobs dθ˜dφ˜dθobs dφobs . (3.52)
The last factor (which is unity if the GLC angles are matched to the observed angles)
can be conveniently written as
dθ˜dφ˜
dθobsdφobs
= dθ˜dφ˜
dθdφ
× dθdφ
dθobs dφobs
, (3.53)
and the two Jacobian determinants of the transformations θa → θ˜a and θaobs → θa can
be calculated according to the relations between the different angles (θa = θaobs + δθa,
θ˜a = θa + δθ˜a):
dθ˜dφ˜
dθdφ
= det [∂θ˜a
∂θb
] = det [∂(θa + δθ˜a)
∂θb
] = 1 + ∂aδθ˜a ,
dθdφ
dθobs dφobs
= det [ ∂θa
∂θbobs
] = det [∂(θaobs + δθa)
∂θbobs
] = 1 + ∂
∂θobs
δθ + ∂
∂φobs
δφ .
(3.54)
Therefore, the angular diameter distance becomes
D2A = a2sr2s[1+2 (ϕχ+Hχ)+g¯ab(Ga∣b+Cab)] sin(θobs + δθ)sin θobs [1+ ∂∂θobs δθ+ ∂∂φobs δφ] , (3.55)
where the last two factors are related to the gravitational lensing convergence κ as
1 − 2κ = sin(θobs + δθ)
sin θobs
[1 + ∂
∂θobs
δθ + ∂
∂φobs
δφ] . (3.56)
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Since the above expression does not contain GLC variables, it cannot be calculated
within the GLC approach here.8 Instead, we can use the geometric approach described
in [72], which gives
κ =[−Vr +Ψr +Crr]o + 1
2
∇ˆaGa + 1
r¯z
Gro
+ 1
2 ∫ r¯z0 dr¯[∇ˆa(Ψa + 2Cra) + ( r¯z − r¯r¯z r¯ )∇ˆ2(αχ − ϕχ −Ψr −Crr)] ,
(3.57)
where ∇ˆaGa = ∂aGa + cot θ Gθ. The same result is derived in appendix 3.D, where
the GLC angles are matched to the observed angles. This quantity, describing the
convergence of light rays due to the effect of inhomogeneities between source and
observer, gauge transforms as
κˆ = κ − 1
2
∇ˆaLas − 1r¯zLro . (3.58)
Then, after taking the square root of eq. (3.55) root we have
DA(λs) = asrs[1 − κ +Ξ ] , Ξ = 1
2
(Cαα − Cαβnαnβ) , (3.59)
where nα = (1,0,0) is a unit directional vector representing the light propagation
direction in a homogeneous universe. At this point, to complete our derivation, we
only need the expression for asrs to first order. As in [61], by applying eq. (3.25) to
the observer light-cone w = ηo evaluated at the source position, we get
ws = ηs + rs − r¯zΨav = ηo , (3.60)
where we have denoted the average of the perturbations along the unperturbed null
geodesic as
Ψav ≡ 1
r¯z
∫ r¯z
0
dr¯ [A − Br − Crr] = 1
r¯z
∫ r¯z
0
dr¯ [αχ − ϕχ −Ψr −Crr] − 1
r¯z
[χ
a
+ Gr]s
o
. (3.61)
Now from eqs. (3.45) and (3.60) we can determine the radial coordinate rs of the source:
rs = η¯o − η¯z + δηo − δzHs + r¯zΨav = r¯z[1 + δηor¯z − δzHsr¯z +Ψav] ≡ r¯z + δr . (3.62)
As a result, we can identify the perturbation δr of the radial coordinate (see also
[70, 71, 72, 76]):
δr
r¯z
= δηo
r¯z
− δzHsr¯z +Ψav , (3.63)
8In [73] the GLC metric was employed to derive exact and non-perturbative expressions of lensing
quantities such as shear and optical scalars.
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whose gauge transformation is δrˆ = δr +Lr∣so . Similarly we can obtain as, indeed from
eq. (3.45) we have
as = a(η¯z) +∆η a′(η¯z) = a(η¯z)[1 +Hz∆η] = a(η¯z)[1 + δz] . (3.64)
Therefore, we finally get the expression of asrs on the 2-sphere identified by zs:
asrs = a(η¯z)r¯z[1 + δz + δr
r¯z
] . (3.65)
Going back to the angular diameter distance we obtain
DA = D¯A [1 + δz + δr
r¯z
− κ +Ξ ] , (3.66)
and finally, from eq. (3.46),
δDA = δDL = δz + δr
r¯z
− κ +Ξ . (3.67)
This covariant expression is fully consistent with the luminosity distance fluctuation
derived in [72] with the geometric approach and in a general metric representation.
This result also perfectly matches the luminosity distance calculated with other ap-
proaches but with specific choice of gauge conditions (see [66]). By taking the gauge
transformation of the various terms we obtain
δDˆA = δDˆL = δzˆ + δrˆ
r¯z
− κˆ + 1
2
(Cˆαα − Cˆαβnαnβ)
= (δz +HsTs) + (δr
r¯z
+ 1
r¯z
Lr∣s
o
) − (κ − 1
2
∇ˆaLas − 1r¯zLro)
+ (1
2
(Cαα − Cαβnβ) −HsTs − 1r¯zLrs − 12∇ˆaLas) = δDA = δDL .
(3.68)
The cancellation of gauge modes among different terms is shown explicitly, demonstrat-
ing the gauge-invariance of the angular diameter distance and the luminosity distance
in the GLC approach.
The above derivation shows that the expression of the luminosity distance is in-
dependent of the normalization of the GLC angles at the observer position. Indeed,
the Jacobian of the transformation from the GLC angles to the observed angles can-
cels the terms related to the GLC angular distortions δθ˜a. In this way, the nature of
the GLC angles becomes irrelevant for the derivation of the luminosity distance. To
demonstrate this statement, we derive in appendix 3.B the angular diameter distance
after fixing the degrees of freedom in the GLC angles to match the observed angles
(measured in the observer rest frame). In this case the angular diameter distance is
simply given by eq. (3.49) and the calculation of the gravitational lensing convergence
can be performed in the GLC approach, as described in appendix 3.D.
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3.3.3 Physical volume
Due to the presence of inhomogeneities the volume Vobs inferred from the observed
redshift and angle does not correspond to the physical volume V occupied by the
source galaxies. To account for this effect, we define the volume distortion δV , such
that dV = (1 + δV )dVobs. The volume distortion is a gauge-invariant quantity, as we
demonstrate in this section after deriving its expression with the GLC approach.
In [72] the infinitesimal physical volume occupied by the source is written in terms
of the observed redshift zs and angles θobs, φobs :
dV = √−g µνρσ uµs dxνdxρdxσ = √−g µνρσ uµs ∂xν∂zs ∂xρ∂θobs ∂xσ∂φobsdzsdθobsdφobs . (3.69)
On the other hand, the inferred volume is given by
dVobs = a(η¯z)3 r¯2z dr¯z dΩobs = r¯2z dzs dΩobsHs(1 + zs)3 , (3.70)
where we set a(η¯o) ≡ 1, so that a(η¯z) = 1/(1 + zs).
In GLC coordinates, the physical volume element occupied by the source is simply
given by
dV = dAdτ = √∣γ∣d2θ˜ dτ . (3.71)
To compare our result with that found in [72], we can change the GLC coordinates into
the observed variables θobs,φobs and zs. As explained in sec. 3.3.2, the differentiation
of the GLC angles already corresponds to the differentiation of the observed angles
(d2θ˜ = dθobs dφobs), therefore, we only need to change variable from the proper-time τ
to the observed redshift zs, obtaining
dV = −√∣γ∣ ∂τ
∂zs
d2θ˜ dzs , (3.72)
where the minus sign is due to the fact that when the proper-time increases the redshift
decreases and vice versa. Let us now derive the volume distortion by calculating the
physical volume element. After substituting the expression of γ in eq. (3.51) and the
expansion of the factor asrs in eq. (3.65) we obtain
dV = −a(η¯z)2r¯2z [1 + 2 δz + 2 δrr¯z − 2κ + 2 Ξ ] ∂τ∂zs dzs dΩobs
= −[1 + 2 δz + 2 δr
r¯z
− 2κ + 2 Ξ ] ∂τ
∂zs
r¯2z dzs dΩobs(1 + zs)2 .
(3.73)
At this point what we need to compute is the change of the proper-time with respect
to the observed redshift, ∂τ/∂zs. To simplify the calculation we rewrite this derivative
as
∂τ
∂zs
= ∂τ
∂ηs
∂ηs
∂zs
= − ∂τ
∂ηs
1
Hs
. (3.74)
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After expanding the emission time as ηs = η¯z +∆η, we can express the proper-time at
emission as
τ = a(η¯z) δzHs + ∫ η¯z0 dη a(η)[1 + α] , (3.75)
obtaining
∂τ
∂ηs
= a(η¯z)[1 + α + δz − H′sH2s δz + 1Hs δz′] . (3.76)
Therefore, going back to the volume element, we have
dV = [1 + 3 δz +A + Cαα + 2 δrr¯z − 2κ − H′sH2s δz + 1Hs δz′ − Cαβnαnβ] r¯2z dzs dΩobsHs(1 + zs)3 . (3.77)
The above equation can be further simplified by noting that
− H′sH2s δz + 1Hs δz′ =Hs ∂∂zs δr + Vαnα −A + Cαβnαnβ . (3.78)
In this way the volume element becomes
dV = [1 + 3 δz + Cαα + 2 δrr¯z − 2κ +Hs ∂∂zs δr + Vαnα]dVobs . (3.79)
As a result, the final expression for the volume distortion is
δV = 3 δz + Cαα + 2 δrr¯z − 2κ +Hs ∂∂zs δr + Vαnα . (3.80)
This quantity is covariant and gauge-invariant, besides it coincides with the result
found in [72]. If compared with the volume distortion derived in [68] with the GLC
approach and in the conformal Newtonian gauge, this result includes perturbations
at the observer not considered there, but crucial for the gauge-invariance of the final
expression.
3.4 Discussion
In this chapter we showed explicitly the gauge-invariance of light-cone observables
derived in the GLC approach. We also considered the full general metric to first
order in perturbations for the first time within the GLC formalism. Furthermore, by
comparing the results with those derived in the approach introduced in [70, 71, 72],
we demonstrated the full consistency of the two methods to calculate expressions of
light-cone observables in the presence of inhomogeneities in the Universe. Our study
provides further understanding of the properties of the GLC representation.
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First of all, in sec. 3.2.2 we pointed out the presence of new degrees of freedom in
the expression of the GLC angles, given by perturbations evaluated at the observer
position. These angular degrees of freedom are also studied in [65], with a discussion
about how they can be fixed to describe different physical situations. As we show in
appendix 3.B, by fixing the degrees of freedom through a proper normalization, the
GLC angles can be identified with the observed angles, measured by the observer in
the rest frame. On the other hand, a different normalization at the observer position is
possible, leading to a different form of the GLC angles, which would then correspond to
the observed angles and a constant at the observer. Naturally, the final expressions of
light-cone observables cannot depend on our choice of normalization. To demonstrate
this point, in sec. 3.3.2 we derived the gauge-invariant expression of the luminosity
distance without fixing the degrees of freedom in the GLC angles. The same result
is obtained in appendix 3.B, where a specific normalization is taken instead. Such
normalization, according to which the GLC angles match the angles measured by the
observer in the rest frame, is probably the most convenient, as it leads to a very simple
formula for the angular diameter distance, eq. (3.49). When a different normalization
is chosen, the formula of the angular diameter distance contains an additional factor
given by the Jacobian of the rotation from the GLC to the observed angles. However,
when the GLC angles appear under differentiation, as in the physical area and volume
occupied by the source, the difference becomes completely irrelevant since the differ-
entiation of any constant at the observer (representing the difference between GLC
angles and observed angles) would vanish.
In [61, 62, 63], the luminosity distance in the presence of inhomogeneities is derived
from the angular diameter distance in eq. (3.49). However, the difference between
the observed angle in a GLC coordinate and that in the observer rest frame was not
considered, as well as the presence of degrees of freedom in GLC angular coordinate at
the observer. If the difference between the angle in the observer rest frame and that in
a global coordinate is neglected, the degrees of freedom are automatically set to zero
and the GLC angular coordinate does not match the angle in the observer rest frame.
This results in the absence of some terms in the final expression for the luminosity
distance, such as the observer peculiar velocity and the gravitational potential at the
observer position. Without these terms the luminosity distance is not gauge-invariant
and not consistent with the equivalence principle (see [77]). In [64] the normalization
condition for the angular GLC variables was fixed in the expression of the angular
diameter distance by a factor evaluated at the observer, which can be interpreted as
the Jacobian of the rotation from a generic GLC angular coordinate to the observed
angle in the observer rest frame.
In sec. 3.3.1 we derived the observed redshift, stressing the importance of including
the time lapse at the observer. This term represents the effect due to the fact that
the observer proper-time does not correspond to the coordinate time in the physical
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universe. Indeed, the presence of inhomogeneities induces a perturbation in the co-
ordinate time at observation, which is captured by the time lapse. Specifically, the
inhomogeneities affect the observer four-velocity, causing a discrepancy between the
time measured and the coordinate time. As we showed in sec. 3.3.1, only if the time
lapse at the observer is included the expression of the redshift is gauge-invariant. This
argument is later extended to any light-cone observable, as the time lapse appears not
only in the redshift distortion but also in the distortion of the radial distance between
source and observer.
In sec. 3.3.2, in order to obtain the angular diameter distance, we made use of
the fact that the infinitesimal area dA occupied by the source is equal to the measure√
γ d2θ˜ on the fixed-time two-sphere embedded in the light-cone. This equality results
directly in the gauge-invariance of the light-cone average prescription introduced in
[56]. Given the gauge-invariance of the light-cone average, this can be applied to
compute the mean of observables in the presence of inhomogeneities, as it has been
done in [63, 74] (and partially in [61]). Indeed, deriving the full relativistic expression
of a given observable is not enough to interpret the outcome of a survey. Consider for
instance the relation between the luminosity distance DL and the observed redshift zs
of a given source. As described in [78], the observational strategy consists in collecting
many data points (zs,DL), and the value of DL at a given redshift zs is obtained
by averaging over the data in the redshift bin containing zs. Consequently, also the
theoretical expression of the luminosity distance as a function of the observed redshift
needs to be averaged. To this purpose, second-order calculations are needed (see
[63, 74, 79]). The study of the GLC formalism in this chapter can also be used to go
beyond the linear order, providing the correct starting point for the derivation and a
concrete way to use the observed angles in the GLC angular coordinate, being this the
most physically meaningful choice.
Finally, in sec. 3.3.3 we derived the expression of physical volume occupied by
sources, obtaining the volume distortion due to relativistic effects. The importance
of a precise theoretical derivation of the volume distortion relies on the fact that this
latter is used to predict the number density of galaxies, which is a key observable to
test different cosmological models. The observed galaxy number density is obtained by
counting the number of galaxies in the observed redshift range and within the observed
solid angle. Whereas the observed volume occupied by the source galaxies is different
from the physical volume, the number of galaxies within the volume is not affected by
the inhomogeneities. As a consequence, by calculating the volume distortion we can
relate the observed galaxy number density to the predicted physical one.
The GLC approach, if exercised properly, results in the correct and consistent ex-
pressions of light-cone observables. It offers a covariant and gauge-invariant prescrip-
tion for averaging scalars on our past light-cone, providing a simple way to estimate
the effect of inhomogeneities on observables measured in large-scale-structure surveys.
Appendices
3.A Technical details
In this short appendix, we provide the covariant derivatives of the metric perturbations
and useful relations to simplify our calculations in the main text.
First of all, given the background 3-spatial metric tensor g¯αβ in spherical coordi-
nates, the affine connections are readily derived as
Γrrr = Γrra = 0 , Γrab = −1r g¯ab , Γarr = 0 , Γarb = 1r δab ,
Γθθθ = Γθθφ = Γφθθ = Γφφφ = 0 , Γθφφ = − sin θ cos θ , Γφθφ = cot θ , (3.81)
where δab is the Kronecker delta. As a result, the covariant derivatives can be expressed
in terms of ordinary derivatives as
γ,r∣r = γ,rr , γ,r∣a = γ,a∣r = γ,ra − γ,a
r
,
Cr∣r = Cr,r , Cr∣a = Cr,a − Ca
r
, Ca∣r = Ca,r + Ca
r
,
g¯ab(γ,a∣b +Ca∣b) = ∂a[γ,a +Ca] + cot θ [γ,θ +Cθ] + 2
r
[γ,r +Cr] .
(3.82)
It is important to note the distinction
γ,ar = γ′,a + d
dr¯
γ,a , γ,ra = γ′,a + 2
r
γ,a + d
dr¯
γ,a . (3.83)
Indeed, the derivatives ∂r and ∂a do not commute and therefore γ,ra ≠ γ,ar, instead[∂a, ∂r]γ = 2γ,a/r. Second, in the calculations performed throughout the chapter we
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used the following formulas for double integrations:
∫ r¯z
0
dr¯∫ r¯
0
dr¯′ f(r¯′) = ∫ r¯z
0
dr¯ (r¯z − r¯)f(r¯) ,
∫ r¯z
0
dr¯
1
r¯ 2 ∫ r¯0 dr¯′ f(r¯′) = ∫ r¯z0 dr¯ ( r¯z − r¯r¯z r¯ )f(r¯) + f(0) ,
(3.84)
where f(x) is a generic function of x.
3.B Matching conditions for the GLC angles
In this appendix we show how to fix the degrees of freedom in the GLC angles to match
them with the observed angles (in the observer rest frame). Then, we will derive the
angular diameter distance under this condition, showing that we obtain the same result
of sec. (3.3.2).
The degrees of freedom which we have at hand are associated with the quantities
δθ˜ao and δw
,a
o in the expression of the GLC angles θ˜a, eq. (3.18). Using the exact relation
kµ = gµν∂νw we relate δw,ao to the wavevector perturbation δkao as
g¯ac∂c δwo = [a2δka]o + Bao + 2Crao . (3.85)
In this case the GLC angles become
θ˜as = θas + δθ˜ao − r¯z[a2δka + ddr¯Ga +Ψa + 2Cra]
o
+ Ga∣s
o
+ ∫ r¯z
0
dr¯[Ψa + 2Cra + ( r¯z − r¯
r¯z r¯
)ˆ¯gac∂c(αχ − ϕχ −Ψr −Crr)] . (3.86)
Both δθ˜ao and δkao represent perturbations to the photon propagation direction at ob-
servation, and are the rotational degrees of freedom to set. The observed direction of
the photons, described by the observed angles θaobs = (θobs, φobs), is identified in the ob-
server rest frame. Therefore, to fix δθ˜ao and δkao such that θ˜a = θaobs, we have to consider
the photon wavevector in the observer rest frame and study how it is related to the
photon wavevector in the global coordinates yµFRW, derived by coordinate transforming
the GLC wavevector. First of all, we write the GLC wavevector kGLCµ = (1,0, 0⃗ ) in
the global coordinates yµFRW = (η, r, θa) by taking a coordinate transformation from the
GLC coordinates xµGLC = (w, τ, θ˜a):
kFRWµ = ∂xν∂yµkGLCν = (1 + δw′ , nˆα + ∂αδw) , (3.87)
kµFRW = gµνFRW kFRWν = 1a2 (−1 − δw′ + 2A − Bα nˆα , nˆα + g¯αβ∂βδw − Bα − 2Cαβ nˆβ) . (3.88)
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The unit vector nˆα is defined in the global coordinates, and identifies the photons
direction in the absence of perturbations. By making use of the exact relation kµ =
gµν∂νw, we can express the wavevector in terms of the perturbations δkµ which we are
interested in:
kµFRW = 1a2 (−1 + a2δk0 , nˆα + a2δkα) . (3.89)
We want to study the relation between this result and that obtained by mapping the
photon wavevector kmL = ωo (−1 , ni ) in the observer rest frame (local Lorentz frame)
into the global coordinates. This procedure, carefully described in appendix 3.C, in-
volves the construction of an orthonormal basis, the tetrads [em]µ, connecting the ob-
server rest frame to the global coordinates at the observer. After deriving the tetrads,
the photon wavevector in the global coordinates is given by
kµFRW = [em]µkmL = ωoa (−1 +A + nˆαVα − nˆαBα , nα − V α − nˆβCαβ ) , (3.90)
where ωo is the observed photon frequency and nα ∼ (θobs, φobs) is the unit directional
vector identifying the observed angular position of the source in the rest frame. At
this point, we can match the photon wavevector in eq.(3.89) (obtained from the GLC
wavevector) evaluated at the observer position and the photon wavevector in eq.(3.90)
(obtained from the rest frame wavevector). We are only interested in the spatial
components:
nˆαo + [a2δkα]o = (aω)o (nα − V αo − nˆβCαβ o) . (3.91)
The quantity (aω) is not constant in an inhomogeneous universe. Therefore, it is
convenient to split it into background and perturbation part as aω = aω (1 + ∆ν).
Considering the observer position this is (aω)o = ωo (1 +∆νo), where a(η¯o) ≡ 1. Since
the real observable we deal with is the redshift of the source, which is determined by
the ratio of the photon frequency at the source to the observed frequency ωo, we never
need to consider the value of ωo in practice and we can normalize its background part
as ωo ≡ 1. In this case we have
nˆαo + δkαo = (1 +∆νo)nα − V αo − nˆβCαβ o , (3.92)
where the unit directional vector in the global coordinates is nˆαo ∼ (θo, φo) = (θobs, φobs)+(δθo, δφo) while that in the observer rest frame is nα ∼ (θobs, φobs). Then, the fluctua-
tions of the photon wavevector spatial components have to be
δkαo = ∆νo nα + (nα − nˆαo ) − V αo − nˆβCαβ o , (3.93)
where the difference in the unit directional vectors gives the angular corrections at the
observer, (nˆαo − nα) ∼ (δθo, δφo). We can now focus on the angular components only,
obtaining
δkao = − 1r¯z δθao − V ao − Crao , (3.94)
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regardless of the value of the constant ∆νo. At this point we can use the remaining
degrees of freedom to compensate for the difference between the two unit directional
vectors, in order to align the photons direction in the global coordinates (in a homo-
geneous universe) to the observed one. To do this, we simply set δθ˜ao = −δθao , and the
GLC angular distortions become
δθ˜as = − r¯z[ − Va +Ψa +C[a∣r] +Cra]o + Ga∣so+ ∫ r¯z
0
dr¯[(Ψa + 2Cra) + ( r¯z − r¯
r¯z r¯
)ˆ¯gac∂c(αχ − ϕχ −Ψr −Crr)] . (3.95)
This result perfectly agrees with the angular distortions δθas = (δθs, δφs) calculated in
[72] with the geometric approach.9 Specifically, the GLC angular distortions δθ˜as and
the distortions δθas calculated in [72] are equal but with opposite sign due to definition.
Indeed, in [72] the angular position of the source is given by θas = θaobs + δθas , where
θaobs are the observed angles and δθa are geometric distortions due to inhomogeneities.
On the other hand, in the GLC approach θ˜as = θas + δθ˜as , where the angular distortions
δθ˜as cancel the distortions in θas to give the observed angles, θ˜as = (θaobs + δθas) + δθ˜as =(θaobs + δθas) − δθas = θaobs.
The quantity δwo represents a shift in the photons’ phase at the observer posi-
tion due to perturbations. This constant does not affect the expressions of light-cone
observables, reflecting the freedom associated with the definition of phase. By consid-
ering the proportionality relation between the GLC phase w (coordinate transformed
to FRW) and the FRW phase ϑ (constructed from that in the observer rest frame),
the integration constant δwo is fixed. In a global FRW coordinate the phase is
ϑ = gFRWµν kµFRWxνFRW = (aω)o {η¯o + η¯o (A − niVi)o + δηo + δro} , (3.96)
while in a GLC coordinate the phase is given by
w = η¯o + δηo + δro + δwo , (3.97)
where we evaluated both phases at the observer position. By demanding that both be
proportional, i.e. wo = C ϑo, we derive the proportionality constant and the integration
constant
C = 1/(aω)o , δwo = η¯o (A − niVi)o . (3.98)
To conclude this appendix, we derive the angular diameter distance in the GLC
approach when the degrees of freedom in θ˜a are fixed as described above, so that
9In [72] any quantity is expressed in terms of the observables measured in the observer rest frame,
which are the observed redshift zs and angles θaobs.
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θ˜a = θaobs. From the relation between the physical area occupied by the source and the
angular diameter distance, dA = √∣γ∣d2θ˜ = D2A dΩobs, this latter is given by
D2A = √∣γ∣sin θobs d2θ˜d2θobs . (3.99)
When θ˜a = θaobs, the angular diameter distance can be expressed in terms of GLC
variables only, as D2A = √∣γ∣
sin θ˜
. (3.100)
After substituting γ with the expression in eq. (3.51) and taking the square root, we
have DA = D¯A√sin θs
sin θ˜
[1 + δz + δr
r¯z
− 1
2
∂aδθ˜
a +Ξ ] , (3.101)
where we also used eq. (3.65) for the expansion of the factor asrs in the expression of
γ. Then, by expanding the source angle as θs = θobs + δθs = θ˜s − δθ˜s, we get
DA = D¯A [1 + δz + δr
r¯z
− J2 +Ξ ] , (3.102)
where we defined the quantity
J2 ≡ 1
2
∂aδθ˜
a + 1
2
cot θ˜ δθ˜ = 1
2
∇ˆaδθ˜a . (3.103)
Clearly, J2 (for which we followed the notation introduced in [61]) corresponds to the
gravitational lensing convergence κ introduced in sec. 3.3.2. To compute J2 we follow
the approach described in appendix 3.D, from which we obtain
J2 =[−Vr +Ψr +Crr]o + 1
2
∇ˆaGa + 1
r¯z
Gro
+ 1
2 ∫ r¯z0 dr¯[∇ˆa(Ψa + 2Cra) + ( r¯z − r¯r¯z r¯ )∇ˆ2(αχ − ϕχ −Ψr −Crr)] ,
(3.104)
where ∇ˆaΨa = ∂aΨa + cot θΨθ and ∇ˆ2 = [∂2θ + cot θ ∂θ + (sin θ)−2∂2φ]. This result per-
fectly agrees with the gravitational lensing κ obtained in [72], making the result in
eq. (3.102) fully consistent with the correct expression of the angular diameter dis-
tance in eq. (3.66).
In some previous works δkao and δθ˜ao were set to zero, corresponding to a different
choice of the GLC angles. In this case the expression of the angular diameter distance
in eq. (3.100) should contain an additional factor given by the Jacobian of the rotation
from the GLC angles to the observed ones (see for instance [64]), providing the per-
turbations at observations, such as the observer peculiar velocity and the gravitational
potential, which should appear in the gravitational lensing convergence.
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3.C Photon wavevector
In the observer rest frame, where the local metric is Minkowski gLmn = ηmn, the photon
wavevector is given by
kmL = ω (−1 , ni ) , m = t, x, y, z, i = x, y, z, (3.105)
where ω = ηmnumL knL is the photon frequency and ni ∼ (θobs, φobs) is a unit directional
vector identifying the observed angular position of the source.
To obtain the photon wavevector in a global coordinate yµFRW we need to construct
an orthonormal basis in the observer rest frame, the so-called tetrads [em]µ. First
of all, the time-like observer four-velocity uµ defines the proper-time direction in the
observer rest frame [et]µ ≡ uµ . (3.106)
Spatial hypersurfaces orthogonal to [et]µ are defined by three space-like vectors [ei]µ.
To obtain the expression for the space-like tetrads [ei]µ, we use the orthonormality
condition
ηmn = gµν[em]µ[en]ν . (3.107)
By taking the metric given in eq. (2.5) as gµν and considering the spatial components
of the above condition, δij = [ei]µ[ej]νgµν , we obtain
[ei]α[ej]β(g¯αβ + 2Cαβ) = 1
a2
δij . (3.108)
We now make the following ansatz:
[ei]α ≡ 1
a
(δαi +Dαi ) , (3.109)
where Dαi is a generic tensor perturbation to be determined. This definition (with the
Kronecker delta) means that in the absence of perturbations the spatial coordinates
in the rest frame are aligned to the spatial global coordinates locally at the observer
position. By substituting the ansatz into eq. (3.108) we obtain that Dij = −Cij and
therefore [ei]α = 1
a
(δαi − Cαi ) . (3.110)
Finally, from the mixed time-space components of the orthonormality condition, 0 =[et]µ[ei]νgµν , we obtain [ei]η = 1
a
(Vi − Bi) . (3.111)
Summing up, the tetrads are given by
[et]µ = uµ , [ei]µ = 1
a
(Vi − Bi , δαi − Cαi ) . (3.112)
59
As a result, the photon wavevector in a global coordinates is given by
kµFRW = [em]µkmL = ωa (−1 +A + niVi − niBi , δαi ni − V α − niCαi ) . (3.113)
It is noted that the unit directional vector ni in the observer rest frame is different
from the unit directional vector nˆα describing the photons direction in a homogeneous
universe and in a global coordinate. The difference becomes subtle at the observer posi-
tion, as we described in appendix 3.B. However, when these two vectors are contracted
with perturbation quantities the result at linear order is identical, as the difference
in the two vectors appears at perturbative level. As a consequence, we can write the
photon wavevector in a global coordinate as
kµFRW = ωa (−1 +A + nαVα − nαBα , nα − V α − nβCαβ ) . (3.114)
It should be clear that the above quantity, even though it is expressed in a global
coordinate, is physically meaningful only locally at the observer position, where the
observer rest frame is defined.
3.D Calculation of the gravitational lensing conver-
gence
In this appendix we calculate the gravitational lensing convergence κ (or J2 in [61])
when the degrees of freedom in the GLC angles are fixed in such a way that the GLC
angles match the observed angles in the observer rest frame (see appendices 3.B and
3.C). The quantity we have to calculate is
κ ≡ 1
2
∂aδθ˜
a + 1
2
cot θ˜ δθ˜ = 1
2
∇ˆa δθ˜a . (3.115)
To simplify this task, we make use of three unit directional vectors: nα, ϑα, ϕα,
orthogonal to each other. The observed angular position of the source is represented
by the unit vector10
nα = (sin θ cosφ, sin θ sinφ, cos θ) . (3.116)
Based on nα, we define two unit vectors generating the tangent plane to the two-sphere
parametrized by (θ, φ) at the point where nα is attached:
ϑα = ∂θnα = (cos θ cosφ, cos θ sin θ,− sin θ) ,
ϕα = 1
sin θ
∂φn
α = (− sinφ, cosφ,0) . (3.117)
10In this appendix we drop the subscript “obs” to refer to the observed angles.
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In spherical coordinates these unit vectors are nα = (1,0,0), ϑα = (0, r,0), ϕα =(0,0, r sin θ), and their product with a generic spatial vector Aα gives respectively
the radial component and the two angular components:
nαA
α = Ar , ϑαAα = rAθ , ϕαAα = r sin θAφ . (3.118)
Consequently, starting from the expression of a given quantity in spherical coordinates,
we can rewrite it in a covariant way by using the unit vectors. After that, we can make
use of any coordinate system to perform the calculations. Indeed, the calculation of κ
greatly simplifies if we first rewrite δθ˜a given by eq. (3.95) as
δθ˜ = −θα[ − Vα +Ψα +C[α∣β]nβ +Cαβnβ]o + θαGαr¯z ∣
s
o+ ∫ r¯z
0
dr¯ [θα(Ψα + 2Cαβ nβ)
r¯
+ ( r¯z − r¯
r¯z r¯
)∂θ(αχ − ϕχ −Ψβ nβ −Cβγ nβnγ)] ,
δφ˜ = − 1
sin θ
φα[ − Vα +Ψα +C[α∣β]nβ +Cαβnβ]o + φαGαr¯z sin θ ∣
s
o+ ∫ r¯z
0
dr¯ [φα(Ψα + 2Cαβ nβ)
r¯ sin θ
+ ( r¯z − r¯
r¯z r¯
) 1
sin2 θ
∂φ(αχ − ϕχ −Ψβ nβ −Cβγ nβnγ)] ,
(3.119)
and we choose cartesian coordinates, so that any covariant derivative with respect to
the three-spatial metric g¯αβ reduces to an ordinary derivative, as g¯αβ = δαβ. After
introducing the angular gradient and the angular Laplacian,
∇ˆα = θα ∂θ + 1
sin θ
φα ∂φ , ∇ˆ2 = ∂2θ + cot θ ∂θ + 1sin2 θ∂2φ , (3.120)
and noting the identity
(cot θ + ∂θ) θα + 1
sin θ
∂φφα = −2nα , (3.121)
we derive the gravitational lensing convergence
κ = nα[ − Vα +Ψα +Cαβnβ]o + 12r¯z ∇ˆαGα − nαGαr¯z ∣
s
o
− ∫ r¯z
0
dr¯
nα(Ψα + 2Cαβnβ)
r¯
+ 1
2 ∫ r¯z0 dr¯ [∇ˆα(Ψα + 2Cαβnβ)r¯ + ( r¯z − r¯r¯z r¯ )∇ˆ2(αχ − ϕχ −Ψαnα −Cαβnαnβ)] .
(3.122)
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Finally, going back to spherical coordinates, we obtain:
κ =[−Vr +Ψr +Crr]o + 1
2
∇ˆaGa + 1
r¯z
Gro
+ 1
2 ∫ r¯z0 dr¯[∇ˆa(Ψa + 2Cra) + ( r¯z − r¯r¯z r¯ )∇ˆ2(αχ − ϕχ −Ψr −Crr)] ,
(3.123)
where ∇ˆaΨa = ∂aΨa + cot θΨθ. This result is probably the most complicated to derive
but is in agreement with the gravitational lensing convergence calculated in [72] with
the geometric approach and with fully general metric representation to first order in
perturbations.
CHAPTER 4
Galaxy Two-Point Correlation Function in General Relativity
Preface
In this chapter, which is thoroughly based on the work presented in [2], we introduce
the galaxy number density and we study its two-point correlation function taking into
account all the relativistic effects that alter the measurements. The first part of the
chapter is dedicated to the analysis and solution of theoretical issues in the description
of these quantities. In particular, we use the equivalence principle of general relativity
to argue that the theoretical predictions must be insensitive to the uniform gravita-
tional field produced by long-mode perturbations. These are the perturbations whose
wavelength is larger than the comoving distance between source and observer and, as
such, contribute to the uniform gravitational potential and force acting on the system.
In agreement with the equivalence principle, these perturbations must have no effect on
physical observables. By isolating the contributions of long-mode perturbations to the
galaxy number density we show that they cancel when the complete gauge-invariant
expression is considered. This is important because it means that when some of the
terms in the expression are neglected unphysical uniform gravity mode remain. For
this reason some of the predictions for the galaxy two-point correlation function pre-
sented in the literature exhibit unphysical infrared divergences. It is indeed common
to derive the expression for the galaxy number density in the Newtonian gauge and
neglect by hand the perturbations at the observer position arguing that they are not
observable. Here we demonstrate that this lead to a gauge-dependent expression that
is inconsistent with the equivalence principle and whose variance is infrared-divergent.
Indeed, the terms at the observer position in the Newtonian gauge correspond to dif-
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ferent kind of terms in another gauge, so that neglecting them is not justified. In the
second part of the chapter we present a numerical study to estimate the impact of
the relativistic effects on the galaxy correlation function offering a comparison with
the standard prediction that is used to analyze data. Our results indicate the need of
considering the relativistic effects in future analyses.
Based on:
[2] F. Scaccabarozzi, J. Yoo and S. G. Biern,
“Galaxy Two-Point Correlation Function in General Relativity”,
JCAP 1810 (2018) no.10, 024, [arXiv:1807.09796].
Abstract. We perform theoretical and numerical studies of the full relativistic two-
point galaxy correlation function, considering the linear-order scalar and tensor per-
turbation contributions and the wide-angle effects. Using the gauge-invariant rela-
tivistic description of galaxy clustering and accounting for the contributions at the
observer position, we demonstrate that the complete theoretical expression is devoid
of any long-mode contributions from scalar or tensor perturbations and it lacks the
infrared divergences in agreement with the equivalence principle. Using the full gauge-
invariant expression, we numerically compute the galaxy two-point correlation function
and study the individual contributions in the conformal Newtonian gauge. We find
that several terms at the observer position that are missing in the standard formalism
dominate over the other relativistic contributions in the conformal Newtonian gauge.
Compared to the standard theoretical predictions, the relativistic effects in galaxy clus-
tering result in a few percent-level systematic errors beyond the scale of the baryonic
acoustic oscillation. Our theoretical and numerical studies provide a comprehensive
understanding of the relativistic effects in the galaxy two-point correlation function.
4.1 Introduction
Galaxy surveys map the universe by measuring the redshift z and the direction nˆ of
each galaxy. One simple and direct way to extract physical information from this map is
then to compute the galaxy two-point correlation function. In particular, one correlates
the number density of galaxies in a redshift bin around z1 and in a small solid angle
around a direction nˆ1 with those in a redshift bin around z2 and in a small solid angle
around a direction nˆ2. The next generation of galaxy surveys [19, 20, 21, 22, 23, 24]
will probe the large scale structure of the universe at high redshift and for wide regions
of the sky. Given the unprecedented precision achieved by the recent observational
advances, the theoretical predictions of the two-point correlations used to analyze the
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data can no longer rely on the flat-sky approximation nor on the assumption that the
universe is homogeneous and isotropic. The flat-sky approximation, assuming that
the directions nˆ1 and nˆ2 coincide, is currently used to analyze redshift surveys and
constrain cosmological parameters but is not sufficiently accurate to interpret data from
future surveys [80]. Furthermore, most expressions used for the analysis only take into
account density fluctuations and redshift-space distortions. Clearly, these standard
expressions provide an approximation to what we observe, and they are inevitably
gauge-dependent. Indeed, a gauge-invariant expression of the two-point correlation
function includes all relativistic effects that manifest in galaxy clustering.
Previous works have studied the impact of relativistic effects on the correlation
function and the power spectrum (as well as additional subdominant effects such as
[81, 82]). In [71, 83, 84], the galaxy power spectrum was derived, including all the rela-
tivistic effects, and its detection significance was quantified. However, they adopted the
flat-sky approximation, essentially ignoring the relativistic effects at the observer po-
sition and along the line-of-sight direction, when computing the detection significance
by using the power spectrum. Since the Fourier decomposition is non-local in nature,
the standard power spectrum has difficulty in its expression in the all-sky limit (see,
however, [85] for the all-sky analysis using the spherical Fourier decomposition). How-
ever, the correlation function is subject to no such complications and can be derived
directly in terms of observable quantities. Using the standard redshift-space distortion
formula, the galaxy two-point correlation function was derived in [86, 87, 88, 89, 90, 91]
without assuming the flat-sky approximation. In light of the full relativistic description
of galaxy clustering [70, 71, 72], a complete description of the galaxy two-point correla-
tion function was derived [92], while ignoring the gravitational potential contributions,
but finding several new corrections from the velocity perturbations.
In recent years, many efforts have been made to compute the galaxy two-point
correlation function with all the relativistic effects (see, e.g., [54, 93, 94, 95]). For
example, the lensing effect arises from the matter density fluctuations along the line-
of-sight direction, and its contribution to the correlation function has been studied
in [96, 97, 98, 99]. In particular, the most recent work [100] demonstrated that the
relativistic effects and wide-angle effects are of the same order and must be considered
together. However, none of these previous studies are complete, when the relativistic
effects are concerned. In the presence of the gravitational potential contributions,
the computation of the galaxy two-point correlation function diverges in the infrared,
a typical sign of theoretical deficiency, and as a consequence one has to introduce
an arbitrary cut-off scale kIR to the computation to keep the theoretical predictions
under control. A similar divergence in the infrared was observed in the variance of the
luminosity distance, and it was shown [101, 102] that the such pathology appears due
to the use of incorrect relativistic descriptions.
Here we derive the two-point correlation function including all the relativistic effects
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in galaxy clustering. The theoretical expression of galaxy clustering used to compute
the two-point correlation function must be gauge-invariant, as it represents a physical
observable. By adopting a general metric representation with scalar and tensor pertur-
bations we derive the relativistic expression of galaxy clustering ([70, 71, 84, 103, 104]),
showing its gauge invariance explicitly. In addition to the gauge invariance, the theo-
retical expression must be consistent with the equivalence principle of general relativity.
Among other consequences, the latter implies that the uniform gravity produced by
long-mode perturbations does not affect physical observables. It was shown in [84] that
there is no such long-mode scalar contribution to galaxy clustering in the synchronous
gauge, and this proof was generalized in [105] for gravitational lensing. Drawing upon
these studies, we demonstrate that our relativistic derivation of galaxy clustering is not
affected by such long modes either from scalar or tensor perturbations. As described
in [101, 106], this also implies that our expression is devoid of infrared divergences. It
is known that most relativistic expressions for galaxy clustering in literature have vari-
ances that diverge in the infrared [93]. This issue is usually ignored, and an arbitrary
infrared cut-off is put in place to eliminate the divergences. Here we show how this
issue can be naturally resolved, simply by using the correct theoretical expression.
With the correct theoretical prediction at hand, we numerically study the two-point
correlation function. Specifically, we derive the general analytic expressions for each
relativistic effect in galaxy clustering: the density fluctuation, the redshift and the
radial distortions, the gravitational lensing convergence and redshift-space distortions.
This requires, in turn, to write down the correlation functions of the local potentials,
the peculiar velocities, the integrated Sachs-Wolf effects and the Shapiro time-delay
effects. Our study provides the amplitude of the correlation function for individual
contributions, allowing to determine which effect dominates the total observed corre-
lation in a given configuration of the galaxy pair. We perform the numerical investi-
gation of the scalar perturbations in the conformal Newtonian gauge and the primor-
dial gravitational-wave contributions. While the contribution to the observed angular
galaxy clustering from gravitational waves has been studied already in [107, 108], we
generalize their results to the two-point galaxy correlation function.
The organization of the chapter is as follows. First we study the galaxy number
density theoretically in sec. 4.2, showing the gauge invariance in sec. 4.2.2 and the
consistency with the equivalence principle in sec. 4.2.3. Then we study the two-point
correlation function numerically in sec. 5.4, where we first show that the correlation
function does not exhibit infrared divergence. In sec. 4.3.1 we analyze the correla-
tion of individual relativistic effects, indicating the dominant contributions in different
configurations. We perform the same analysis for the contribution of primordial gravi-
tational waves in sec. 4.3.2. We conclude with a summary and a discussion in sec. 4.4.
In appendix 4.A we provide the solution for the scalar perturbations needed for the
numerical results of sec. 4.3.1.
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4.2 Galaxy Clustering and Theoretical Investigations
In this section we derive the theoretical expression of the galaxy number density fluctu-
ation to first order in perturbation theory. To prove the correctness of our expression we
adopt a general metric representation and explicitly demonstrate the gauge-invariance
of the theoretical expression. Then, in the conformal Newtonian gauge, we show that
our expression is also consistent with the equivalence principle, further corroborating
the sanity of our calculations.
4.2.1 Metric convention and gauge transformations
Here we adopt a flat Friedmann-Robertson-Walker (FRW) metric for our theoreti-
cal description of the background universe. In the presence of inhomogeneities, we
parametrize the small perturbations to the background FRW metric by
δg00 ≡ −2a2α , δg0i ≡ −a2β,i , δgij ≡ 2a2[ϕ g¯ij + γ,i∣j +Cij] , (4.1)
where a is the scale factor, g¯ij is the background 3-metric, commas represent the or-
dinary derivative while vertical bars represent the covariant derivative with g¯ij. The
tensor perturbations Cij are constructed such that they are traceless (C ii = 0) and
transverse (Cij∣j = 0), with the longitudinal part being absorbed into the scalar per-
turbations. The scalar (α,β,ϕ, γ) and tensor (Cij) perturbations are functions of a
space-time point in a global coordinate xµ = (η,x), identified by a conformal time η
and spatial coordinates xi. The metric representation in eq. (4.1) is the most general
accounting for scalar and tensor perturbations, and no gauge condition is imposed. In
this chapter we do not consider the vector perturbations, as they decay fast in time.
The observer motion is described by a time-like four-velocity uµ ≡ a−1 (1 − α , U i ),
where the spatial component is further expressed in terms of a scalar perturbation U
as U i ≡ −U ,i. As we shall see in the next paragraph, it is convenient to define a scalar
velocity v ≡ U + β, as it is independent of the spatial gauge transformation.
In order to obtain the gauge transformation properties of the metric perturbations
introduced above we consider the coordinate transformation:
x˜µ = xµ + ξµ , ξµ ≡ (T,L,i) , (4.2)
where the infinitesimal displacement field ξµ is decomposed in terms of two scalars T
and L. The transformations of the metric perturbations are then given by
α˜ = α − 1
a
(aT )′ , β˜ = β − T +L′ , γ˜ = γ −L ,
ϕ˜ = ϕ −HT , U˜ = U −L′ , v˜ = v − T , (4.3)
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where a prime indicates the derivative with respect to conformal time and H = a′/a =
aH is the conformal Hubble parameter. Note that there is no gauge ambiguity for
tensor perturbations at the linear order, C˜ij = Cij, as evident in eq. (4.2). Based on
the gauge transformation properties, we can define gauge-invariant quantities at linear
level [72]:
αχ ≡ α − 1
a
χ′ , ϕχ ≡ ϕ −Hχ, vχ ≡ v − 1
a
χ , δv ≡ δ + 3Hv , (4.4)
where χ ≡ a (β + γ′) is the scalar shear of the normal observer, nµ = −a(1 + α , 0),
transforming as χ˜ = χ − aT , and δ is the matter density fluctuation, transforming as
δ˜ = δ + 3HT . The notation for scalar gauge-invariant variables is set up such that
αχ, ϕχ and vχ correspond respectively to the gravitational potentials and the velocity
potential in the conformal Newtonian gauge (χ = 0), while δv is the matter density
fluctuation in the comoving gauge (v = 0). For convenience we define a gauge-invariant
velocity V i ≡ −vχ,i and a pure gauge term Gi ≡ γ,i transforming as G˜i = Gi −L,i.
4.2.2 Gauge-invariant formalism of galaxy clustering
In the past years, a number of groups have worked on the relativistic effects of galaxy
clustering using the gauge-invariant formalism ([70, 71, 84, 103, 104], see also [109,
110, 111, 112] for the second-order formalism). The observed galaxy number density
is obtained by counting the number of galaxies within the observed volume dVobs that
appears to the observer as the volume within the observed redshift interval dz and the
observed solid angle dΩ. In the background, the observed volume would be the physical
volume occupied by the observed galaxies. However, in the presence of inhomogeneities
in the universe, the observed volume dVobs does not correspond to the physical volume
dV ≡ dVobs(1 + δV ) and the difference is captured by the dimensionless fluctuation
δV . On the other hand, the number of observed galaxies dNg is unaffected by the
inhomogeneities and can be expressed in terms of both the observed and the physical
number densities, nobsg and ng, which are related by the volume fluctuation as
dNg ≡ nobsg dVobs = ngdV Ð→ nobsg = ng(1 + δV ) . (4.5)
In order to obtain the theoretical expression of the galaxy number density, we need to
derive the fluctuation δV in the volume occupied by the source galaxies. This requires
the general relativistic relation of the observed redshift and angle to the physical volume
along the past light-cone. Here we consider perturbations up to first order and we follow
the gauge-invariant formalism developed in [70, 71, 72] to obtain the expressions of the
volume fluctuation and then of the observed galaxy number density. Following [72],
we will first define the distortions in the position of source galaxies and subsequently
use these to obtain the observables of our interest.
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The position of a source galaxy is identified by the observed redshift z and the
observed angular position nˆ = (sin θ cosφ, sin θ sinφ, cos θ), measured in the observer
rest frame. Based on these quantities, the observer infers the source position x¯µs =(η¯z, r¯znˆ) in a FRW coordinate by using the distance - redshift relation in a homogeneous
universe,
r¯z = η¯o − η¯z = ∫ z
0
dz′
H(z′) , (4.6)
where a bar denotes the coordinates at the observer (o) and the source (at redshift z)
in the background. The real position of the source is different from the inferred one,
because the inhomogeneities affect the photon propagation. To account for the effect of
the inhomogeneities on the real source position xµs = (ηs, rs, θs, φs) with respect to the
inferred position x¯µs = (η¯z, r¯z, θ, φ) we define the time distortion ∆η ≡ ηs− η¯z (related to
the distortion δz in the observed redshift) and the geometric distortions of the spatial
position δr ≡ rs − r¯z, δθ ≡ θs − θ, δφ ≡ φs − φ.
In this approach the redshift distortion and the time distortion are defined with
respect to the observed redshift 1+z = 1/a(η¯z) ≡ (1+δz)/a(ηs), which can be calculated
as the ratio between the photon energy at the source and at the observer.1 One obtains
the following expression:
δz = H∆η = −Hχ + (Hδη +Hχ)o + [Vinˆi − αχ]zo − ∫ r¯z0 dr¯ [αχ − ϕχ −Cijnˆinˆj]′ . (4.7)
The quantity δηo represents the observer time-lapse, describing the difference between
the coordinate time at observation ηo and the observer’s proper time τo. It is derived
from the time component of the four-velocity uµ = dxµ/dτ as (see [72, 66, 113, 101])
δηo = − 1
ao
∫ η¯o
0
dη¯ aα , (4.8)
where η¯o = ∫ ∞0 dzH(z) is uniquely determined and related to the observer proper time as
τo = ∫ η¯o0 dη a(η). By making use of the gauge-invariant variables defined in sec. 4.2.1,
the gauge-dependent term −Hχ is isolated in the expression of δz, which transforms
in fact as δ̃z = δz + HT . We can therefore define a new gauge-invariant variable
δzχ = δz +Hχ.
The geometric distortions of the source spatial position δxis ≡ xis − x¯is can be com-
puted by integrating the photon geodesic equation from the observer position to the
source position, as described in [70, 71, 72]. By following that approach we obtain
δr = nˆi xis− r¯z = −nˆiGi+ nˆi(δxi+Gi)o+(δη+χ)o− δzχHz +∫ r¯z0 dr¯ [αχ−ϕχ−Cijnˆinˆj] , (4.9)
1The photon energy is given by E = −gµνuµkν , where kµ is the photon wave-vector.
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r¯zδθ = θˆi xis = −θˆiGi + θˆi(δxi + Gi)o + r¯z θˆi( − V i +Cijnˆj)o− 2∫ r¯z
0
dr¯ θˆiC
i
jnˆ
j − ∫ r¯z
0
dr¯ (r¯z − r¯)θˆi[(αχ − ϕχ),i −Cjk,inˆjnˆk] , (4.10)
r¯z sin θ δφ = φˆi xis = −φˆiGi + φˆi(δxi + Gi)o + r¯z sin θ φˆi( − V i +Cijnˆj)o− 2∫ r¯z
0
dr¯ φˆiC
i
jnˆ
j − ∫ r¯z
0
dr¯ (r¯z − r¯)φˆi[(αχ − ϕχ),i −Cjk,inˆjnˆk] , (4.11)
where the unit vectors θˆi = ∂θnˆi and φˆi = (1/ sin θ)∂φnˆi are projectors on the sphere.
The quantity δxio represents the spatial shift at the observer position, describing the
change caused by the velocity field generated by the inhomogeneities. Exactly in the
same way as the observer coordinate lapse δηo, it is derived from the four-velocity as
δxio = −∫ η¯o
0
dη¯ U ,i . (4.12)
This effect has been often neglected in the literature, but, as we shall see, it cancels
out in any linear-order expression of the observables.
Given the angular distortions above, one can compute also the change in the solid
angle subtended by the source. This effect is known as the gravitational lensing con-
vergence and is given by the ratio between the observed solid angle and the solid angle
at the source as
κ ≡ −1
2
[( cot θ + ∂
∂θ
)δθ + ∂
∂φ
δφ]
= − nˆiGi
r¯z
+ 1
2r¯z
∇ˆiGi + nˆi
r¯z
(Gi + δxi)o + nˆi( − V i + 3
2
Cijnˆ
j)
o− 2∫ r¯z
0
dr¯
Cijnˆinˆj
r¯z
+ ∫ r¯z
0
dr¯
∇ˆi(Cij nˆj)
r¯z+ ∫ r¯z
0
dr¯ ( r¯z − r¯
2 r¯z r¯
)[∇ˆ2(αχ − ϕχ) − (nˆinˆj∇ˆ2Cij + 2 nˆi∇ˆjCji )] ,
(4.13)
where ∇ˆi is the angular gradient operator and ∇ˆ2 is the angular Laplacian. The gauge
transformation properties are transparent:
δ̃r = δr + nˆiL,i, r¯z δ̃θ = r¯zδθ + θˆiL,i , r¯z sin θ δ̃φ = r¯z sin θ δφ + φˆiL,i ,
κ˜ = κ + nˆiL,i
r¯z
− 1
2 r¯z
∇ˆiL,i , (4.14)
and this shows that the real position xµs of the source is a coordinate-dependent quan-
tity. As for the redshift distortion δzχ, the expressions of δr, δθ, δφ and κ can be
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arranged in terms of gauge-invariant variables, isolating the gauge-dependent terms
(involving Gi), as
δrχ = δr + nˆiGi, K = κ + nˆiGi
r¯z
− 1
2 r¯z
∇ˆiGi . (4.15)
Since the effects of the inhomogeneities are conveniently expressed in terms of the
geometric distortions that we have introduced, we can write explicitly gauge-invariant
expressions of the cosmological observables.
Now we use the gauge-invariant formalism summarized above (see [72] for the ex-
tensive description) to derive first the fluctuation in the luminosity distance and then
that in the galaxy number density. The fluctuation δDL in the luminosity distance
is defined through DL ≡ D¯L(1 + δDL), where D¯L = (1 + z)r¯z. From its exact relation
with the angular diameter distance DA = (1 + z)−2DL, we can compute δDA with ease,
by using the geometric distortions for a unit area. The angular diameter distance
is the distance at which a solid angle dΩ = sin θdθdφ subtends a physical area dA
perpendicular to the photon propagation in the source rest frame,
dA ≡ D2AdΩ = √−g µνρσuµsnµs ∂xρs∂θ ∂xσs∂φ dθdφ , (4.16)
where nµ = kµ/(kνuν)+uµ is the observed photon direction for the observer with four-
velocity uµ. From this equation we obtain the fluctuation in the distance as a function
of the observed redshift and angles
δDL(z, nˆ) = δDA = δzχ + δrχ
r¯z
−K + ϕχ − 1
2
Cijnˆ
inˆj. (4.17)
Written in terms of gauge-invariant variables, the gauge-invariance of the luminosity
distance fluctuation is manifest (see [72, 101, 113]). Indeed, the luminosity distance is
an observable, here expressed in terms of the other observables (redshift and angles),
and therefore must be independent from the gauge conditions chosen [55]. Note the
cancellation of the observer spatial shift δxio among the radial distortion and the lensing
convergence. As anticipated, this occurs for the expression of any observable at linear
level.
By extending the previous expression of the infinitesimal area in the source rest
frame, the infinitesimal volume occupied by the source galaxies is given by
dV = √−g µνρσuµs ∂xνs∂z ∂xρs∂θ ∂xσs∂φ dzdθdφ ≡ dVobs(1 + δV ) , dVobs = r¯2zdzdΩH(1 + z)3 . (4.18)
Thus, one obtains the linear-order relativistic correction to the physical volume
δV = 3 δzχ + 3ϕχ + 2 δrχ
r¯z
− 2K +H ∂
∂z
δrχ + Vinˆi , (4.19)
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which is manifestly gauge-invariant, as required by the fact that the volume itself
is an observable. Finally, we have all ingredients to get the galaxy number density
and its fluctuation. We can write the observed and physical galaxy number densities
respectively as
nobsg ≡ n¯g(η¯z)(1 + δobsg ) , ng ≡ n¯g(τs)(1 + δintg ) , (4.20)
where we have defined the fluctuations δobsg and δintg . Note that the mean density n¯g
and the intrinsic fluctuation δintg in the physical density are defined over the proper-
time hypersurface of the source described by the comoving-synchronous gauge. By
denoting the proper-time hypersurface with τs, the intrinsic fluctuation can be written
as δintg ≡ b δτsm ≡ b δv, where b is the galaxy bias and δτsm ≡ δv is the matter density
fluctuation in the comoving-synchronous gauge. Thus, the observed galaxy number
density fluctuation is given by
δobsg (z, nˆ) = b δv − ez δzv + δV , ez ≡ − 1Hz n¯′g(η¯z)n¯g(η¯z) = d ln n¯gd ln(1 + z) . (4.21)
Any quantity in the above expression is gauge-invariant, indeed δv and δzv are those in
the comoving-synchronous gauge and the gauge-invariance of the volume distortion is
explicitly verified by expressing it in terms of gauge-invariant variables as in eq. (4.19).
4.2.3 Compatibility check with the equivalence principle
Following the lead by [84, 101, 105], we perform the compatibility check of our theoreti-
cal expression with the equivalence principle. The gauge invariance and the equivalence
principle of general relativity offer a powerful way to test the validity of our theoret-
ical predictions in sec. 4.2.2. The gauge-invariance reflects the fact that the physics
is independent of the way the perturbations are defined with respect to the fictitious
background. The equivalence principle asserts the physical equivalence of a gravita-
tional field and its corresponding acceleration of the reference system. It implies that
the laws of physics in a reference frame that is in free fall are the same as in the com-
plete absence of gravity, i.e. the laws of physics are those of special relativity. Strictly
speaking, however, the equivalence principle is applicable to the limit in which the
differential gravity, or the tidal force can be neglected. The tidal effects are, indeed,
the leading physical effect of gravity. Applying the equivalence principle to the case
of our interest, where the source and the observer are on the past light-cone with the
unique scale set by the (comoving) distance r¯z, we will consider any perturbation with
wavelength larger than r¯z as a long-mode perturbation and ignore any tidal effects.
In the previous subsection we showed that our expressions of the luminosity dis-
tance and galaxy number density are gauge-invariant. In this subsection we further
check the compatibility of these expressions with the equivalence principle. According
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to the latter, as discussed above, the uniform gravity generated by long-mode pertur-
bations should have no consequence on the physical observables. We will isolate in
the perturbations the contributions to a uniform gravitational field and show that our
expressions are devoid of these terms. Besides confirming our derivations, we show
that our expressions do not exhibit any infrared divergence on super horizon-scales, as
demonstrated in [101, 106].
To focus on the effects of such long-mode perturbations we take the Fourier transfor-
mation of the perturbation variables and introduce a cut-off scale kIR set by kIRr¯z ≪ 1.
To elaborate on this, let us consider a gravitational potential Ψ(η,x) and its Fourier
mode Ψ(η,k). The gravitational potential can be split into the long-mode and short-
mode contributions as
Ψ(η,x) = (∫ kIR
0
+∫ ∞
kIR
) d3k(2pi)3 eik⋅x Ψ(η,k) ≡ Ψ`(η,x) +Ψs(η,x) . (4.22)
By expanding in terms of kIRr¯z, the long-mode potential can be written as
Ψ`(η,x) = ∫ kIR
0
d3k(2pi)3 (1 + ik ⋅x − 12(k ⋅x)2 + . . .)Ψ(η,k)= Ψ`o(η) + xi[∂iΨ`]o(η) + 12xixj[∂i∂jΨ`]o(η) + . . . ,
(4.23)
where we defined several functions
Ψ`o(η) ≡ ∫ kIR
0
d3k(2pi)3 Ψ(η,k) , [∂i⋯∂jΨ`]o(η) ≡ ∫ kIR0 d3k(2pi)3 (iki)⋯(ikj)Ψ(η,k) ,
(4.24)
evaluated spatially at the origin x = 0. With these definitions, the first term Ψ`o
represents the contribution of the uniform gravitational potential to Ψ(η,x), while the
second term xi[∂iΨ`]o represents the contribution of the uniform gravitational force.
According to the equivalence principle, both Ψ`o and xi[∂iΨ`]o should have no effect
on physical observables, as their contributions are indistinguishable from the free-fall.
This concept will be generalized to tensor perturbations.
We are now going to show that our theoretical expressions for the luminosity dis-
tance and the galaxy number density do not contain the terms discussed above. Since
the full expressions in sec. 4.2.2 are gauge-invariant, we choose the conformal Newto-
nian gauge for simplicity to demonstrate the compatibility with the equivalence prin-
ciple. As we assume no anisotropic stress and no vector perturbations in the universe,
our metric is given by
ds2 = −a2(1 + 2 Ψ)dη2 + a2[(1 − 2 Ψ)g¯ij + 2Cij]dxidxj , Gi = 0 , (4.25)
where we have denoted the gravitational potential as αχ = −ϕχ ≡ Ψ. Having removed
any gauge ambiguity, we will simply drop the subscript χ in the other variables defined
in secs. 4.1 and 4.2.2.
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Scalar perturbations
We first consider only the scalar perturbations. In the conformal Newtonian gauge
with only scalar perturbations the expressions of the luminosity distance, the volume
and the galaxy number density fluctuations are
δDL = δz + δr
r¯z
−K −Ψ , δV = 3 δz − 3 Ψ + 2 δr
r¯z
− 2K +Hz ∂
∂z
δr − nˆiv,i ,
δg = (b δv − ez δzv) + δV. (4.26)
The geometric distortions are given in terms of the scalar potentials for gravity Ψ and
velocity v by
δz = Hoδηo − [nˆiv,i +Ψ]zo − 2∫ r¯z0 dr¯Ψ′ ,
δr = nˆi δxio + δηo − δzHz + 2∫ r¯z0 dr¯Ψ ,K = nˆi δxio
r¯z
+ (nˆiv,i)o + ∫ r¯z0 dr¯ ( r¯z − r¯r¯z r¯ )∇ˆ2Ψ ,
(4.27)
where the coordinate lapses at the observer are related to the velocity potential v as
δηo = −vo , δxio = −∫ η¯o
0
dη¯ v ,i. (4.28)
As described in appendix 4.A, at linear order we can separate the gravitational po-
tential Ψ(η,x) in terms of the growth function DΨ(η) and the curvature perturbation
ζ(x) in the comoving gauge: Ψ(η,x) = DΨ(η)ζ(x). The curvature perturbation ζ(x)
is constant in time and related to the growing mode δ+(x) of the density contrast
δ(η,x) ≡ D(η)δ+(x). Accordingly, the gravitational potential growth function DΨ(η)
is related to the matter growth function D(η), whose solution is given in eq. (5.4).
The long-mode gravitational potential is then proportional to the long-mode curvature
perturbation and can be expanded as in eq. (4.23),
Ψ`(η, r¯ nˆ) =DΨ(η)ζ`(r¯ nˆ) =DΨ(η)[ζo + r¯ ζ1(nˆ) + . . . ], (4.29)
where we have defined
ζo ≡ ζ`∣o = ∫ kIR0 d3k(2pi)3 ζ(k) , ζ1(nˆ) ≡ nˆi[∂iζ`]o = nˆi∫ kIR0 d3k(2pi)3 iki ζ(k) . (4.30)
Analogously, the long-mode velocity potential is given by
v`(η, r¯ nˆ) = −DV (η)ζ`(r¯ nˆ) = −DV (η)[ζo + r¯ ζ1(nˆ) + . . . ] , (4.31)
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where the dimension of v andDV is [v] = [DV ] = L andDV is related toDΨ through the
Einstein equations, as derived in appendix 4.A. In particular, the following relations
are essential for our purpose:
DΨ = HDV − 1 = −1
2
(D′V + 1) , ∫ r¯z
0
dr¯DΨ = 1
2
(DV −DV o − r¯z) . (4.32)
Now we demonstrate that our theoretical expressions for the luminosity distance, the
volume and the galaxy number density fluctuations are independent of the uniform
gravitational field generated by ζo and the uniform acceleration field generated by ζ1.
In the long-mode limit, where the wavelength of perturbations is much larger than
the distance between the observer and the source (kIRr¯z ≪ 1), we take the potentials
as Ψ ≡ Ψ` ≡ DΨ(ζo + r¯z ζ1) and v ≡ v` ≡ −DV (ζo + r¯z ζ1). The geometric distortions in
terms of ζo and ζ1 are then
δz(ζo, ζ1) = [DΨ + 1](ζo + r¯z ζ1) ,
δr(ζo, ζ1) = nˆi δxio(ζ1) − r¯z ζo − 1Hz [DΨ + 1]r¯z ζ1 + 2 ζ1∫ r¯z0 dr¯ r¯ DΨ ,K(ζo, ζ1) = nˆi δxio(ζ1)
r¯z
− 1Hz [DΨ + 1]ζ1 + r¯z ζ1 + 2 ζ1∫ r¯z0 dr¯ r¯r¯zDΨ ,
(4.33)
where we have used eq. (5.5) to express the time dependence only through DΨ (and
not DV ). Note that the lensing convergence is only affected by ζ1(nˆ) but not ζo,
while the redshift and the radial distortions contain both terms. This is explained
by the fact that K describes only transverse effects with respect to the line of sight
nˆ and a constant scalar like ζo has no transverse components. On the other hand,
the uniform acceleration associated with ζ1(nˆ) generates a velocity that inevitably
affects the convergence K, as the observed solid angle changes. By substituting the
above contributions into δDL and δV as in eq. (4.26) we easily verify that the scalar
expression of the luminosity distance and the volume are not affected by the uniform
gravity generated by long-mode scalar perturbations,
δDL(ζo, ζ1) = 0 , δV (ζo, ζ1) = 0 , (4.34)
in agreement with the equivalence principle.
Now, to show that δg is likewise not affected by the uniform gravity we only need
to prove that δv(ζo, ζ1) = δzv(ζo, ζ1) = 0, as b ≠ ez in general. First of all, the matter
density fluctuation δv in the comoving gauge is not affected by uniform gravity because
the Einstein equation dictates δv ∝ ∆Ψ. To prove that also δzv(ζo, ζ1) = 0 we first
need to transform the redshift distortion from the comoving gauge to the conformal
Newtonian gauge. By considering the gauge transformations of β and γ in eq. (4.3) we
obtain that the displacement field ξµ in eq. (4.2), which generates the transformation
from the comoving gauge (γ = v = 0) to the conformal Newtonian gauge (β = γ = 0),
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is given by T = β and L = 0. Then, from the gauge transformations of v and δz we
have that β = −v and δzv = δz + H v. At this point it is straightforward to verify
that δzv(ζo, ζ1) = [DΨ + 1 −HDV ](ζo + r¯z ζ1) = 0, because from eq. (5.5) we have thatHDV =DΨ+1. The fact that the redshift distortion in the comoving-synchronous gauge
is devoid of the long-mode contributions can also be readily understood as follows.
The redshift z is a gauge-invariant physical observable but the redshift distortion δz
is not, as it compensates the difference between the time of photon emission in a
homogeneous universe η¯z and the true coordinate time at the source ηs, which changes
from one gauge to another. However, in the comoving-synchronous gauge the degrees of
freedom in the perturbations are fixed such that at the observer the physical space-time
corresponds to the background, i.e. the lapse functions are vanishing. Consequently, a
redshift measurement would provide unambiguous information (independent from the
potentials at o) about the emission time of the photons. This time measurement cannot
be influenced by uniform gravity. In turn, the redshift distortion in the comoving gauge
has to be unaffected by uniform gravity, as there is no mode to be compensated. We
conclude that the expression of the galaxy number density fluctuation is free from
long-mode contributions
δg(ζo, ζ1) = 0 . (4.35)
Being independent from the presence of a uniform gravitational field, our expression
is compatible with the equivalence principle.
Tensor perturbations
We now demonstrate that the luminosity distance and the galaxy number density are
not affected by the uniform gravity generated by long-mode tensor perturbations from
inflation. The expressions of these observables when only tensor perturbations are
taken into account are
δDL = δz + δr
r¯z
− κ − 1
2
Cijnˆ
inˆj , δg = (3 − ez)δz + 2 δr
r¯z
− 2κ +H ∂
∂z
δr , (4.36)
where the geometric distortions are given in terms of the tensor perturbations Cij by
δz = ∫ r¯z
0
dr¯ Cij
′nˆinˆj , δr = − δzHz − ∫ r¯z0 dr¯ Cijnˆinˆj , δηo = δxio = 0 ,
κ = 3
2
Cijnˆ
inˆj ∣o − ∫ r¯z
0
dr¯
r¯z
{2Cijnˆinˆj − ∇ˆi(Cijnˆj) + r¯z − r¯2r¯ [nˆinˆj∇ˆ2Cij + 2nˆi∇ˆjCji ]} .
(4.37)
Tensor perturbations can be decomposed into Fourier modes of two independent po-
larization states labeled as s = +,×,
Cij(η,k) = e+ij(kˆ)C+(η,k) + e×ij(kˆ)C×(η,k) , (4.38)
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where the basis tensors esij(kˆ) are transverse, traceless and normalized through esijes′ij ≡
2 δss
′ . Using the Einstein equation in Fourier space in the absence of anisotropic pres-
sure,
C ′′s (η,k) + 2HC ′s(η,k) + k2Cs(η,k) = 0 , (4.39)
we find that, considering long-mode perturbations (k2 ≈ 0) and neglecting decaying
modes in the solution, each polarization Cs of the tensor perturbations is constant in
time, i.e. C`s
′ = 0. In real space the long-mode primordial gravitational waves can then
be written as
C`ij(r¯ nˆ) = ∫ kIR
0
d3k(2pi)3 eir¯ nˆ⋅k esij(kˆ)Cs(k)= ∫ kIR
0
d3k(2pi)3 [1 + ir¯ nˆ ⋅ k + . . . ] esij(kˆ)Cs(k)= Cijo + r¯ Cij1(nˆ) + . . . ,
(4.40)
where we have defined
Cijo ≡ C`ij ∣o = ∫ kIR0 d3k(2pi)3 esij(kˆ)Cs(k) ,
Cij1(nˆ) ≡ nˆk[∂kC`ij]o = nˆk ∫ kIR0 d3k(2pi)3 ikk esij(kˆ)Cs(k).
(4.41)
We start again by studying the contributions of the long-modes Cijo and Cij1 to the
individual components in the luminosity distance and the galaxy number density. In
the long-mode limit, where the perturbations wavelength is much larger than the scale
of our system (kIRr¯z ≪ 1), we take the gravitational waves as Cij ≡ C`ij ≡ Cijo + r¯z Cij1.
The geometric distortions in terms of Cijo and Cij1 are then
δz(Cijo,Cij1) = 0 , δr(Cijo,Cij1) = −r¯z Cijonˆinˆj − 1
2
r¯2z Cij1nˆ
inˆj ,
κ(Cijo,Cij1) = −3
2
Cijonˆ
inˆj − r¯z Cij1nˆinˆj . (4.42)
By substituting these expressions into eq. (4.36) we verify straightforwardly that the
luminosity distance, the volume distortion, and the galaxy number density are not
affected by the long-mode primordial gravitational waves,
δDL(Cijo,Cij1) = δV (Cijo,Cij1) = δg(Cijo,Cij1) = 0 . (4.43)
As a conclusion, our theoretical expressions for the luminosity distance and the galaxy
number density are independent from the presence of a uniform gravitational field and,
therefore, consistent with the equivalence principle.
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4.3 Numerical Investigation of the Galaxy Two-Point
Function
Galaxy clustering is a key observable in cosmology and constitutes the main subject of
our study. In particular, the two-point correlation function ⟨ng(x)ng(x+r)⟩ measures
the excess of probability of finding a pair of galaxies separated by a vector r relative
to the uniform distribution. Of course, the two-point statistics is affected by the same
relativistic effects altering the observed galaxy number density. In this section, we
compute numerically the two-point correlation functions of the various contributions
to the linear-order fluctuation δg. These contributions are the matter density contrast
δv, the redshift and radial distortions δz and δr, the gravitational lensing convergenceK and the term Hz ∂∂zδr, which includes the so-called Kaiser effect (or redshift space
distortion), as we shall see.
As in the previous sections, we neglect the vector perturbations and we consider
scalar and tensor perturbations separately. Again, we consider the conformal New-
tonian gauge with metric given in eq. (4.25). To facilitate the computation of the
two-point correlation functions we only consider two specific configurations of two
galaxies in our numerical investigations. In one configuration the two galaxies are at
the same redshift, i.e. z1 ≡ z2, and we study how the correlation functions change
with the angular separation θ, which is related to the comoving distance r between the
galaxies by the simple trigonometric relation r ≡ r¯z√2(1 − cos θ), where r¯z ≡ r¯z1 ≡ r¯z2 .
In the other configuration the two galaxies lie on the same line of sight, i.e. nˆ1 ≡ nˆ2(θ = 0), but at different redshifts and we study how the correlation changes with the
comoving separation r = r¯z1 − r¯z2 . These two configurations represent the two limiting
cases of the general configurations of the two-point correlation function.
For numerical calculations we assume a flat ΛCDM universe with matter density
Ωm = 0.3038, baryon density Ωb = 0.0462, dark energy density ΩΛ = 0.65, scalar am-
plitude As = 2.1 × 10−9 at the pivot scale k0 = 0.05Mpc−1, spectral index ns = 0.96,
Hubble parameter h = 0.70 and bias factor b = 2 unless otherwise stated. Furthermore,
we assume no magnification bias and the evolution bias ez = 1.5 at z = 1, consistent
with dark matter halos of bias b = 2 in the Press-Schechter model [45].
4.3.1 Contributions of the scalar perturbations
In this subsection we compute the scalar contributions to the two-point correlation
function of the galaxy number density fluctuation ⟨δg(z1, nˆ1)δg(z2, nˆ2)⟩. In the confor-
mal Newtonian gauge and with only scalar perturbations, the expression of the galaxy
number density fluctuation is derived in sec. 4.2.2. We have
δg = (b δm − ez δzv) + δV , (4.44)
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Figure 4.1: Top panel: Dependence of the variance on the infrared cut-off for the curvature pertur-
bation (blue), the potential at the source (orange), the time-lapse at the observer (red), the potential
at the observer (green), the Shapiro time delay (purple) and the integrated Sachs-Wolf effect (brown).
Bottom panel: Auto-correlations of the same quantities as a function of the separation, when kIR =Ho.
We consider two galaxies at the same redshift z = 1, so that the correlations are only functions of the
comoving separation.
where δm ≡ δv and δzv = δz +H v, as explained in the last paragraph of sec. 4.2.3. The
scalar contribution to the volume distortion is in turn given by
δV = 3 δz + 2 δr
r¯z
− 2K +Hz ∂
∂z
δr + V∣∣ − 3 Ψ , (4.45)
where the geometric distortions are expressed in terms of the gravitational potentials
Ψ, the line-of-sight component of the peculiar velocities V∣∣ ≡ nˆiVi and the coordinates
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lapses at the observer δηo and δro ≡ δx∣∣o ≡ nˆiδxio as
δz = Hoδηo + [V∣∣ −Ψ]zo − 2∫ r¯z0 dr¯Ψ′ , (4.46)
δr = δro + δηo − δzHz + 2∫ r¯z0 dr¯Ψ , (4.47)K = δro
r¯z
− V∣∣o + ∫ r¯z
0
dr¯ ( r¯z − r¯
r¯z r¯
)∇ˆ2Ψ . (4.48)
As derived in appendix 4.A, all the variables appearing in the above expressions can be
expressed in terms of the (time-independent) curvature perturbation in the comoving
gauge ζ(x), which is in turn related to the matter density contrast δ+(x) at initial
epoch. In Fourier space the latter is used to define the matter power spectrum Pm(k)
through ⟨δ+(k1)δ+(k2)⟩ ≡ (2pi)3δD(k1 + k2)Pm(k1), which allows to compute the two-
point statistics by taking expectation values of the perturbations in conjunction with
the corresponding growth factors.
As we showed in sec. 4.2.3, the monopole and dipole of long-mode perturbations do
not affect the galaxy number density fluctuation, in agreement with the equivalence
principle. Consequently, the total correlation function (including auto- and cross-
correlations of all contributions) does not go to infinity when integrated over all k,
because the divergences coming from the monopoles of different contributions cancel
each other. Indeed, the correlations of quantities involving the potential Ψ at the
source, at the observer or integrated along the line of sight, as well as those involving the
time lapse at the observer δηo, diverge in the infrared, when k is smaller than some value
kIR close to zero. Only when these contributions are summed together the correlation
function converges, because the effect of long-mode perturbations disappears, as also
described in [101]. The divergent behavior of the correlation function in the infrared,
claimed in [93], is due to the fact that terms evaluated at the observer position, such as
Ψo and δηo, are usually neglected. The top panel of fig. 4.1 shows the dependence on the
infrared cut-off for the variances of the terms discussed above, which blow up when kIR
approaches zero. The sum of all individually divergent contributions in the correlation
is instead finite. As we show, these contributions turn out to be small compared to the
density contribution, such that we set a sufficiently large yet arbitrary cut-off kIR ≡ Ho.
Indeed, as shown in fig. 4.2, the variance of the sum of the divergent contributions
converges for kIR < Ho. In this plot the galaxy number density fluctuation is split as
δg ≡ δstd + δvel + δlen + δpot , where
δstd = b δm − 1Hz ∂∣∣V∣∣ , δvel = h(z)[V∣∣]zo + 2V∣∣o , δlen = −2∫ r¯z0 dr¯( r¯z − r¯r¯z r¯ )∇ˆ2Ψ ,
δpot = [h(z) − 2Hor¯z ]Hoδηo + ezHzv − h(z)[Ψ]zo −Ψ + 1HzΨ′ + ∫ r¯z0 dr¯[ 4r¯zΨ − 2h(z)Ψ′] ,
(4.49)
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and we have defined the function of redshift h(z) ≡ 3−ez−H′z/H2z−2/(r¯zHz). All the per-
turbations with divergent individual correlation, or variance (see top panel of fig. 4.1),
are contained in δpot. When we compute the corresponding variance σ2pot = ⟨δ2pot⟩ these
contributions are summed together before taking the ensemble average, leading to a
convergent result. This might not be perfectly represented in fig. 4.2, due to numer-
ical residuals in the evaluation of the integrands in the variance expression. Indeed,
to compute the variance we split the time and space dependence in the perturba-
tions, using the growth functions defined in appendix 4.A. Therefore, the variance
is given by time-dependent factors multiplied by integrals over Fourier modes of the
time-independent part of the perturbations. However, as shown in sec. 4.2.3, the
time-dependent factor that multiplies the divergent integrations is exactly zero. As a
conclusion, the theoretical prediction for the correlation function of the galaxy number
density is gauge-invariant and finite, provided that we take into account all terms in
the relativistic derivation. In practice, the standard way of computing the variance
by using δstd alone is accurate at the 1% level, and the dominant correction originates
from the lensing convergence δlen. For the computation of the gravitational potential
contribution δpot our numerical calculations demonstrate that one can safely impose
an IR cut-off scale, as long as kIR ≲ Ho.
Matter density fluctuation
We now want to study the two-point correlation functions of the various quantities in
eqs. (4.44) and (4.45). Before proceeding it is convenient to split the time and space
dependences in the perturbations as in sec. 4.2.3 and appendix 4.A. In this way, the
dependence on the redshifts z1, z2 in the correlation functions can be factorized through
the growth functions D, DΨ, DV of the matter density contrast, the gravitational
potential and the peculiar velocity, respectively. The auto-correlation function of the
matter density contrast is then given by
⟨δm(z1, nˆ1)δm(z2, nˆ2)⟩ =D(z1)D(z2)∫ kUV
kIR
dk
2pi2
k2Pm(k)j0(kr) =D(z1)D(z2) ξm(r) ,
(4.50)
where r is the length of the spatial separation r = r¯z1nˆ1−r¯z2nˆ2 between the two galaxies,
Pm(k) is the matter power spectrum computed using CAMB, j0(x) is the spherical Bessel
function and in the last equality we have introduced the matter correlation function
ξm(r) = ⟨δ+(x)δ+(x + r)⟩ at initial epoch. In the numerical evaluation we always set
the lower and upper cut-offs in the integration as kIR ≡ Ho = 100/c km/s h/Mpc =
3.3×10−4 h/Mpc and kUV ≡ 10h/Mpc, where c is the speed of light and h is the reduced
Hubble constant.2
2The convergence of the correlations in the ultraviolet regime occurs at around k ≈ 1h/Mpc, but
choosing a bigger value results in a more accurate numerical evaluation of the integrals.
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Figure 4.2: Individual contributions to the variance σ2 = ⟨δ2g⟩. The galaxy number density fluc-
tuation is split as δg ≡ δstd + δvel + δlen + δpot, where the expression of each contribution is given in
eq. (4.49). The figure shows the variances σ2i = ⟨δ2i ⟩ of each contribution δi as functions of the cut-off
kIR for galaxies at redshift z = 1. The vertical dashed line marks the horizon scale kIR =Ho. The UV
cut-off is kUV ≡ 10h/Mpc, so that the variances are vanishing when kIR = 10h/Mpc.
The behavior of the density auto-correlation given in eq. (4.50) is shown by the blue
curve in fig. 4.3 as a function of the comoving separation r between two galaxies at the
same redshift z1 = z2 = 1. The local maximum at around 110 Mpc/h is there a well-
known feature of the matter correlation function due to baryon acoustic oscillations
(BAO). At around r = 130 Mpc/h the correlation is zero, because at this scale there
is no deviation from a uniform distribution of galaxies (galaxies do not cluster). At
larger scales, the correlation becomes negative, as galaxies tend to avoid each other.
Obviously, as the separation increases further the anti-correlation between the density
fields at the two end points decreases and reaches zero asymptotically. The other
functions in the plot (red and green curves) are the two-point correlations of redshift-
space distortions (for two different configurations) and we will discuss them in sec. 4.3.1.
The density contrast and the redshift-space distortion are the dominant contributions
to the two-point correlation function of the galaxy number density and are devoid of
any divergence both at IR and UV scales.
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Figure 4.3: The correlation function of the density fluctuations for two galaxies at the same redshift
z1 = z2 = 1 is shown in blue. The correlation function of the Kaiser effects for two galaxies at the
same redshift z1 = z2 = 1 is shown in red, while that of two galaxies lying on the same line-of-sight
with middle point at redshift zC = 1 is shown in green.
Redshift and radial distortions
We now want to study the correlation functions of the redshift distortion δz and the
radial distortion δr. The analytic expressions are given by the sum of the auto- and
cross-correlations of different quantities:⟨δz(z1, nˆ1)δz(z2, nˆ2)⟩ = H2o⟨δηoδηo⟩ + ⟨V∣∣1V∣∣2⟩ + ⟨V∣∣o(nˆ1)V∣∣o(nˆ2)⟩ + ⟨Ψ1Ψ2⟩+ ⟨ΨoΨo⟩ + 4 ∫ r¯z1
0
dr¯1∫ r¯z2
0
dr¯2 ⟨Ψ′(η¯o − r¯1, r¯1 nˆ1)Ψ′(η¯o − r¯2, r¯2 nˆ2)⟩ + c-c , (4.51)
where c-c stands for cross correlations and we have introduced the notation X1 ≡
X(z1, nˆ1) for any perturbation X,
⟨δr(z1, nˆ1)δr(z2, nˆ2)⟩
r¯z1 r¯z2
= ⟨δro(nˆ1)δro(nˆ2)⟩
r¯z1 r¯z2
+ ⟨δηoδηo⟩
r¯z1 r¯z2
+ ⟨δz1δz2⟩
r¯z1Hz1 r¯z2Hz2+ 4
r¯z1 r¯z2
∫ r¯z1
0
dr¯1∫ r¯z2
0
dr¯2 ⟨Ψ1Ψ2⟩ + c-c . (4.52)
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Therefore, in order to understand which are the leading contributions to the correla-
tions of δz and δr, we have to compute the auto-correlation functions of the time-lapse
at the observer δηo, the peculiar velocities V∣∣, V∣∣o, the local potentials Ψ, Ψo, the inte-
grated Sachs-Wolfe (ISW) effect ∫ dr¯Ψ′, the spatial shift at the observer δro and the
Shapiro time-delay effect ∫ dr¯/r¯z Ψ.
First of all, the auto-correlations of the potential and the time-lapse at the observer
are given by
⟨ΨoΨo⟩ = C2D2Ψo ∫ kUV
kIR
dk
2pi2
1
k2
Pm(k) , (4.53)
H2o⟨δηoδηo⟩ = H2o C2D2V o∫ kUV
kIR
dk
2pi2
1
k2
Pm(k) , (4.54)
where C ≡ −H2Df Σ is a constant and it becomes −52H2oΩm in the matter-dominated
universe (see appendix 4.A). Note that, while the growth function DΨ is dimensionless,
DV has the same dimension asH−1o . These correlations are then dimensionless and both
independent of separation, adding up to a constant contribution when the IR cut-off
is imposed, but they are divergent when the integration is performed from k = 0, as
shown in fig. 4.1. As explained above, the divergence due to these quantities at the
observer cancel the divergence due to the potential at the source and integrated along
the line of sight. It is therefore important to consider Ψo and δηo in the expression of
the galaxy number density, also from the numerical point view.
Let us now consider the correlations of the gravitational potential at the source
(local) and integrated along the line of sight (non-local). The auto-correlation of the
gravitational potential at the source is given by
⟨Ψ(z1, nˆ1)Ψ(z2, nˆ2)⟩ = C2DΨ(z1)DΨ(z2)∫ kUV
kIR
dk
2pi2
1
k2
Pm(k)j0(kr)=DΨ(z1)DΨ(z2) ξζ(r) , (4.55)
where ξζ(r) = ⟨ζ(x)ζ(x+r)⟩ is the correlation function of the curvature perturbation.
The non-local terms are the ISW and the Shapiro time-delay. Their auto-correlations
are respectively given by
∫ r¯z1
0
dr¯1∫ r¯z2
0
dr¯2 ⟨Ψ′(η¯1, r¯1 nˆ1)Ψ′(η¯2, r¯2 nˆ2)⟩
= ∫ r¯z1
0
dr¯1∫ r¯z2
0
dr¯2D
′
Ψ(η¯o − r¯1)D′Ψ(η¯o − r¯2)∫ kUV
kIR
dk
2pi2
Pm(k)
k2
j0(k∣r¯1nˆ1 − r¯2nˆ2∣) ,
(4.56)
∫ r¯z1
0
dr¯1
r¯z1
∫ r¯z2
0
dr¯2
r¯z2
⟨Ψ(η¯1, r¯1 nˆ1)Ψ(η¯2, r¯2 nˆ2)⟩
= ∫ r¯z1
0
dr¯1
r¯z1
∫ r¯z2
0
dr¯2
r¯z2
DΨ(η¯o − r¯1)DΨ(η¯o − r¯2)ξζ(∣r¯1nˆ1 − r¯2nˆ2∣) . (4.57)
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Figure 4.4: The velocity correlation function is decomposed into ξ∣∣ and ξ⊥, respectively parallel and
perpendicular to the separation between the two points under consideration. The correlation function
of the velocities of two galaxies at the same redshift z1 = z2 = 1 is shown in orange, while that of two
galaxies lying on the same line-of-sight with middle point at redshift zC = 1 is shown in red. Dashed
lines represent negative values. The correlation functions of the velocities and the spatial shifts at
the observer point are shown in green and gray respectively. These are only functions of the angle
between the two lines of sight and the relation of this variable with the separation r depends on the
redshift considered. Hence they vary as a function of r, but very little over the range in this plot.
The value of r¯z in r¯2z⟨δroδro⟩ is that at redshift z = 1, for consistency with the other functions in the
plot. Note that at r = 0 the amplitude of r¯2z⟨δroδro⟩ is not the same as ξ∣∣ and ξ⊥, as might appear
from the plot. The cut-off choices are kIR =Ho and kUV = 10 h/Mpc.
Fig. 4.1 shows the variances (r → 0) of these contributions as a function of the IR
cut-off (top panel) as well as the correlations as functions of r, when kIR ≡ Ho, for
two galaxies at the same redshift z1 = z2 = 1 (bottom panel). One should notice that,
while the correlations of the potentials and the time-lapses at the observer are exactly
constant, the correlations of ISW and Shapiro time-delay effects vary as a function
of scale, though the change is too small to be visible in the range of separations
considered, except the correlation of the potential at the sources. Nevertheless, all
these correlations are from five to seven orders of magnitude smaller the matter density
correlation (compare with fig. 4.3).
The remaining contributions to compute are those of the velocities and the spatial
shifts at the observer, which are finite even when the integration is performed from
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Figure 4.5: Top left panel: auto-correlations of various contributions to ⟨δzδz⟩ as functions of
the separation between two galaxies at the same redshift z1 = z2 = 1. Bottom left panel: auto-
correlations of various contributions to ⟨δrδr⟩/r¯2z as functions of the separation between two galaxies
at the same redshift z1 = z2 = 1. Top right panel: The correlation function of the lensing contribution∫ r¯z0 dr¯ f(r¯, r¯z)∆Ψ, where f(r¯, r¯z) = (r¯z−r¯) r¯r¯z , for two galaxies at the same redshift z1 = z2 = 1 is shown
in blue, while that of two galaxies lying on the same line-of-sight with middle point at redshift zC = 1
is shown in red (note that the latter is only a function of the separation r, as in this configuration
θ = 0). Auto-correlations of other contributions to the gravitational lensing convergence K are shown
in orange and green. Bottom right panel: auto-correlations of various contributions to H2z ⟨∂zδr ∂zδr⟩
as functions of the separation between two galaxies at the same redshift z1 = z2 = 1. The dominant
contribution is given by the Kaiser effect.
kIR = 0. By applying the velocity solution V∣∣(η,x) =DV (η)∂∣∣ζ(x) (see appendix 4.A),
the correlation function of the two line-of-sight velocities can be written as
⟨V∣∣(z1, nˆ1)V∣∣(z2, nˆ2)⟩ = ( CHo)
2
DV (z1)DV (z2){Pˆ∣∣ξ∣∣(r) + Pˆ⊥ξ⊥(r)} . (4.58)
Note that our expression is derived without assuming the distant-observer approx-
imation and it is valid for any two lines of sight. By defining Pˆ∣∣ ≡ nˆi1nˆj2 rˆirˆj andPˆ⊥ ≡ nˆi1nˆj2 (δij − rˆirˆj) as in [102], we decomposed the velocity correlation function into
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the parallel and perpendicular components with respect to the separation r :
ξ∣∣(r) ≡ −H2o ∫ kUV
kIR
dk
2pi2
Pm(k)j′0(kr)
kr
, ξ⊥(r) ≡ −H2o ∫ kUV
kIR
dk
2pi2
Pm(k)j′′0 (kr) ,
(4.59)
where j′0(x) = ∂xj0(x) and j′′0 (x) = ∂2xj0(x). Fig. 4.4 shows the behavior of ξ∣∣ and ξ⊥
with respect to r, as well as the correlations of velocities at the sources (for the two
configurations z1 = z2 = 1 and zC = 1) and at the observer. The latter is only a function
of the angle θ = cos−1(nˆ1 ⋅ nˆ2) between the two lines of sight,
⟨V∣∣o(nˆ1)V∣∣o(nˆ2)⟩ = nˆ1 ⋅ nˆ2 C2D2V o∫ kUV
kIR
dk
2pi2
1
3
Pm(k) , (4.60)
and therefore it varies very little in the range of r considered, despite not being con-
stant. Note, however, that the relation between the angle θ and the separation r
depends on the redshift (the higher is the redshift, the larger is the separation associ-
ated to a given angle at the observer) and in fig. 4.4 we take z = 1.
The correlation of the spatial shift at the observer is also only a function of the
angle between the two lines of sight, given by
⟨δro(nˆ1)δro(nˆ2)⟩ = nˆ1 ⋅ nˆ2 (C ∫ η¯o
0
dη¯ DV (η¯))2∫ kUV
kIR
dk
2pi2
1
3
Pm(k) . (4.61)
In fig. 4.4 one can see that, when considering two galaxies at redshift z1 = z2 = 1,
the correlation of this effect is higher than that of the velocities at the observer by
almost one order of magnitude. Note, additionally, that it can be much higher than
the correlation of velocities at the sources if a large separation is considered. Indeed,
at r = 300 Mpc/h, the difference is given by a factor of almost 20.
The spatial shift and the velocity at the observer position are typically ignored
in literature, but their contributions are larger than the velocity correlation of two
source galaxies. However, note that the spatial shift at the observer cancels at the
linear order with the same term in the lensing convergence, such that ignoring this
contribution does not cause any systematic error. On the other hand, the contribution
of the velocity at the observer (green line in fig. 4.4) must be kept in the calculations,
and it is larger than the velocity correlation (orange line in fig. 4.4).
We now have the main ingredients to analyze the correlations of the redshift and
the radial distortions. Clearly, one has to compute also cross-correlations among all
terms considered so far. Nevertheless, by looking at the auto-correlations of individual
contributions to δz and δr one can obtain a clear intuition of the importance of each
effect in the correlations ⟨δz1δz2⟩ and ⟨δr1δr2⟩/r¯z1/r¯z2 . The top left panel of fig. 4.5
shows the auto-correlations of all contributions to δz for two galaxies at the same
redshift z1 = z2 = 1. We immediately see that the correlation of the redshift distortion
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⟨δz1δz2⟩ is dominated by the Doppler effect of peculiar velocities, including that by
the observer velocity, as expected. Indeed, the correlations of local potentials and the
time-lapse at the observer are about 2 orders of magnitude smaller than the correlation
of velocities at the observer, representing the leading contribution. Compared to the
latter the correlation of the ISW effect is even 4 orders of magnitude smaller.
Analogously, the bottom left panel of fig. 4.5 shows the auto-correlations of all
contributions to δr for the same configuration (z1 = z2 = 1). Evidently, the strongest
contribution to the correlation of the radial distortions comes from the spatial shift
at the observer. However, we again emphasize that the latter is absent in the to-
tal expression of the galaxy number density, because the same term appears in the
gravitational lensing convergence K with opposite sign. The correlation of redshift
distortions ⟨δz1δz2⟩/r¯2z/H2z is smaller than that of the spatial shift at the observer but
it contributes with the same order of magnitude (10−6 − 10−5) to ⟨δr1δr2⟩/r¯2z . So, the
correlation of radial distortions, like that of redshift distortions, is dominated by the
effect of velocities.
Note, finally, that both the redshift and the radial distortions are not directly
observables, they are affected by the long-mode perturbations (see sec. 4.2.3) and their
correlations are divergent in the infrared. In other words, the sum of the correlations
in eqs. (4.53)−(4.57) and their cross-correlations diverges if the IR cut-off is removed.
Such divergence is eliminated when the remaining contributions to the galaxy number
density fluctuations are taken into account in the correlation.
We want to emphasize that all the individual components such as δz, δr and so on
are gauge-invariant in the Newtonian gauge, but they diverge in the infrared: gauge-
invariance is not a sufficient condition for observable quantities. Furthermore, this
decomposition of the observable galaxy number density depends on our gauge choice,
in the sense that while the expressions for δz in the Newtonian gauge or comoving
gauge, for instance, are gauge-invariant, their values are different.
Lensing convergence
The next effect to consider in the expression of the galaxy number density is the
gravitational lensing convergence. To obtain the correlation function of the lensing
convergence it is convenient to first express it as follows:
K = δro
r¯z
− V∣∣o + 2 Ψo −Ψ + ∫ r¯z
0
dr¯ [ − 2 r¯
r¯z
Ψ′ − (1 − r¯
r¯z
)r¯Ψ′′ + (r¯z − r¯) r¯
r¯z
∆Ψ] , (4.62)
where we have used the relation between the angular Laplacian ∇ˆ2 and the 3D Lapla-
cian ∆:
∆ = 1
r¯2
∇ˆ2 + 2
r¯
∂
∂r¯
+ ∂2
∂r¯2
. (4.63)
88
In this way we can use the Poisson equation (∆Ψ = 32H2oΩmδ/a) and write the correla-
tion function as
⟨K(z1, nˆ1)K(z2, nˆ2)⟩ = ⟨δroδro⟩
r¯z1 r¯z2
+ ⟨V∣∣o(nˆ1)V∣∣o(nˆ2)⟩ + 4 ⟨ΨoΨo⟩ + ⟨Ψ1Ψ2⟩
+ 4 ∫ r¯z1
0
dr¯1∫ r¯z2
0
dr¯2
r¯1r¯2
r¯z2 r¯z1
⟨Ψ′(η¯1, r¯1 nˆ1)Ψ′(η¯2, r¯2 nˆ2)⟩
+ ∫ r¯z1
0
dr¯1
(r¯z1 − r¯1)r¯1
r¯z1
∫ r¯z2
0
dr¯2
(r¯z2 − r¯2)r¯2
r¯z2
⟨Ψ′′(η¯1, r¯1 nˆ1)Ψ′′(η¯2, r¯2 nˆ2)⟩
+ 9
4
H4oΩ2m∫ r¯z1
0
dr¯1 g(r¯1)∫ r¯z2
0
dr¯2 g(r¯2) ξm(∣r¯1nˆ1 − r¯2nˆ2∣)+ cross-correlations ,
(4.64)
where we have defined g(r¯i) ≡ (r¯zi−r¯i)r¯ir¯zi D(η¯o−r¯i)a(η¯o−r¯i) . While the first two terms have been
already discussed, the remaining ones constitute together the convergence of light rays∫ r¯z0 dr¯ ( r¯z−r¯r¯z r¯ )∇ˆ2Ψ. These terms do not lead to a divergence in the correlation when
kIR → 0. Indeed, as confirmed by our analysis in sec. 4.2.3 (see in particular eq. (4.33)),
the lensing convergence does not contain the monopole of the long-mode gravitational
potential. This is due to the fact that spatial derivatives of the potential are involved
in the expression of K, which gives zero when applied to the monopole.
The top right panel in fig. 4.5 shows the auto-correlations of the three contributions
to K: the spatial shift at the observer, the velocity at the observer and the non-
local convergence. Again, two galaxies at redshift z1 = z2 = 1 are considered and the
correlations are therefore only functions of the separation r between the galaxies. The
correlation of the convergences decreases sharply with the separation. This is due to
the fact that, when the separation is small, the matter distributions along the two
lines of sight (almost parallel for small r), which generate the lensing effects, are more
likely to be correlated (if not even the same lenses when r ≈ 0). In the same figure the
auto-correlation of the convergence is also plotted for the configuration in which the
two galaxies lie on the same line of sight with the middle point between them being
at redshift zC = 1. The reason why in this case the correlation of the convergences
decreases much less rapidly with the separation is the following: the distance between
the observer and any of the two sources is much bigger than the separation r between
the sources, therefore, the matter distribution causing the lensing effects is mostly that
lying between the observer and the closer source. As one can see from the figure the
contributions from the spatial lapse and the velocity at the observer may have a non
negligible effect on the correlation. While the spatial lapse at the observer cancels out
in the full expression of the galaxy number density, the velocity at the observer does
not and must be taken into account for both theoretical and numerical purposes.
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Redshift-space distortion
Finally, in order to obtain the two-point correlation function of the galaxy number
density fluctuation in eqs. (4.44) and (4.45), we have to consider the remaining term
Hz
∂
∂zδr appearing in the volume distortion. By taking the derivative of the radial
distortion with respect to the source redshift, this quantity can be written in terms of
the redshift distortion δz as
Hz
∂
∂z
δr = − 1Hz ∂∣∣V∣∣ − V∣∣ + 1HzΨ′ + 2 Ψ − H′zH2z δz . (4.65)
The first term represents the so-called redshift-space distortions (RSD), also referred
to as the Kaiser effect. The auto-correlation function of this contribution to the galaxy
clustering is given by⟨∂∣∣V∣∣(z1, nˆ1)∂∣∣V∣∣(z2, nˆ2)⟩Hz1Hz2 = C2DV (z1)DV (z2)Hz1Hz2 ∫ kUVkIR dk2pi2k2Pm(k){j′′′′0 (kr)µ21 µ22+[j′′0 (kr)(kr)2 − j′0(kr)(kr)3 ](1 + 2µ2 − 3µ21 − 3µ22 − 12µµ1 µ2 + 15µ21 µ22)
+j′′′0 (kr)
kr
(µ21 + µ22 + 4µµ1 µ2 − 6µ21 µ22)} ,
(4.66)
where we have defined the angles µ ≡ nˆ1 ⋅ nˆ2, µ1 ≡ nˆ1 ⋅ rˆ, µ2 ≡ nˆ2 ⋅ rˆ. Fig. 4.3 shows
the correlation as a function of the comoving separation r between two galaxies at
redshift z1 = z2 = 1 and between two galaxies on the same line of sight nˆ1 = nˆ2 with
middle point at redshift zC = 1. In the configuration z1 = z2 = 1 the correlation of
the Kaiser effect has roughly the same amplitude of the matter densities correlation
(if b = 1 as in the figure). This is the reason why this is the only effect taken into
account in the standard galaxy correlation function, as the other effects are at least two
orders of magnitude smaller. In the configuration nˆ1 = nˆ2 and zC = 1 the correlation
of the Kaiser effect is negative for almost all values of r, with a positive maximum
at the scale of BAO. The reason why the BAO peak manifests only in the second
configuration is that in this case the Kaiser effect of the two galaxies is related to
same line of sight and therefore the correlation is sensitive to the clustering caused
by the BAO, while in the first configuration the two lines of sight are different and
arbitrary. Note that we use “the Kaiser effect” to represent the contribution of the
velocity gradient −∂∣∣V∣∣/Hz only, rather than the sum of the velocity gradient and the
density. The complete lack of a correlation between the lines of sight along which the
Kaiser effect is evaluated removes the bump due to the BAO, so that the correlation
simply decreases monotonically with the separation, independently from the clustering
of matter. Clearly, for r = 0 the amplitude of the correlation is the same for the two
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configurations. However, the correlations are highly oscillatory for values of r smaller
than 35 Mpc/h and, therefore, we only plot the functions starting from that separation
value. The other terms in eq. (4.65) are much smaller than the Kaiser effect, as one
can see from fig. 4.5.
Total two-point correlation function
The total correlation function of the galaxy number density fluctuation δg for two
galaxies at redshift z1 = z2 = 1 is shown in fig. 4.6, while that for two galaxies lying on
the same line-of-sight with middle point at redshift zC = 1 is shown in fig. 4.7. Note
that the pure relativistic contributions, represented by the red lines in both figures,
are dominated by the velocity effects. These contributions are roughly the same in the
configuration (z1 = z2) of fig. 4.6 and the configuration (n1 = n2) of fig. 4.7. From fig. 4.4
we see that the velocity correlation function in the two configurations are of the same
order of magnitude, but in the configuration n1 = n2 the velocity correlation at the
source positions becomes negative at around 105 Mpc/h. However, the contribution
of the velocity at the observer position, which is positive and greater than that at the
source, makes the correlation in the two configurations being roughly the same.
From figs. 4.6−4.7 we readily recognize that on most scales there exists little differ-
ence between the full relativistic two-point correlation function ⟨δgδg⟩ and the standard
correlation function ξstd = ⟨δstd δstd⟩ that takes into account only the matter density and
the Kaiser effect (δstd ≡ b δm −H−1z ∂∣∣V∣∣). We further quantify this difference in fig. 4.8
for the configuration z1 = z2 = 1. Figure 4.8 illustrates the fractional difference of the
full relativistic description compared to the standard correlation function, and the or-
ange curve shows the lensing contribution to this difference. More importantly, fig. 4.8
shows that at large separation r ≈ 200 Mpc/h (θ ≈ 5 deg) the general relativistic effects
cause corrections to the standard correlation function at several percent level, compa-
rable or larger than the lensing contribution. Such relativistic correction are mainly
due to the velocity contribution δvel (see eq. (4.49)), which is in turn dominated by the
velocity at the observer position. The latter is often neglected in literature, leading to
a systematic misinterpretation of the relativistic corrections. For separations smaller
than the BAO scale the relativistic corrections, including lensing, are below the 1%
level, so that it can be legit to use the standard expression to analyze upcoming data,
provided that the survey precision is not better than 1%. For separations larger than
125 Mpc/h, instead, the lensing and the velocity contributions must be taken into
account in the theoretical prediction, otherwise a systematic error of a few percents
would affect the analysis. The potential contribution is small and can be neglected
on all scales from the numerical point of view (see figs. 4.1 and 4.5), but only once
its theoretical importance is understood and under control. Indeed, the potential con-
tribution is necessary for the gauge invariance of the expression and the consistency
with the equivalence principle, also indispensable for the convergence of the correlation
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Figure 4.6: The full galaxy two-point correlation function ⟨δgδg⟩ for two galaxies at the same redshift
z1 = z2 = 1 is represented by the dashed black line. The gray line represents the standard correlation
function that takes into account only the matter density contrast and the Kaiser effect. Other lines
represent auto-correlations of various contributions to ⟨δgδg⟩: the matter density fluctuation in blue,
the Kaiser effect in green, the gravitational lensing convergence in orange and the sum of all other
effects in red. The latter is mostly influenced by the velocities effect. The dashed blue line represents
negative values of the density correlation function. The value of the galaxy bias factor is set to b = 2.
The cut-off choices are kIR =Ho and kUV = 10 h/Mpc.
function in the infrared.
4.3.2 Primordial gravitational wave contributions
In this section we investigate the various contributions to the two-point galaxy corre-
lation function considering only tensor perturbations, corresponding to the primordial
gravitational waves. In this case the expression of the observer galaxy number density
fluctuation is derived in sec. 4.2.3 as
δg = (3 − ez) δz + 2 δr
r¯z
− 2κ +Hz ∂
∂z
δr , (4.67)
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Figure 4.7: The full general relativistic two-point galaxy correlation function ⟨δgδg⟩ for two galaxies
lying on the same line-of-sight (nˆ1 = nˆ2) with middle point at redshift zC = 1 is represented by
the black line. The gray line represents the standard correlation function that takes into account
only the matter density contrast and the Kaiser effect. Other lines represent auto-correlations of
various contributions to ⟨δgδg⟩: the matter density fluctuation in blue, the Kaiser effect in green,
the gravitational lensing convergence in orange and the sum of all other effects in red. The latter is
mostly influenced by the velocities effect. The dashed lines represents negative values of the correlation
functions. The value of the galaxy bias factor is set to b = 2. The cut-off choices are kIR = Ho and
kUV = 10 h/Mpc.
where there is no tensor contribution to the matter density fluctuation and the rela-
tivistic distortions are given in terms of the projected tensor perturbations C∣∣ ≡ Cijnˆinˆj
by
δz = ∫ r¯z
0
dr¯ C∣∣′ , δr
r¯z
= − δz
r¯zHz − ∫ r¯z0 dr¯r¯z C∣∣ ,
κ = 5
2
C∣∣o −C∣∣ − 3∫ r¯z
0
dr¯
r¯
C∣∣ − ∫ r¯z
0
dr¯ C∣∣′ − 1
2 ∫ r¯z0 dr¯ ( r¯z − r¯r¯z r¯ )∇ˆ2C∣∣ ,
Hz
∂
∂z
δr = −H′zH2z δz − 1HzC∣∣′ −C∣∣ .
(4.68)
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Figure 4.8: The black curve shows the relative difference between the full relativistic galaxy two-
point correlation and the standard correlation of density and Kaiser effect only: (⟨δgδg⟩ − ξstd)/ξstd,
where ξstd ≡ ⟨δstd δstd⟩ and δstd = b δm −H−1z ∂∣∣V∣∣. Both ⟨δgδg⟩ and ξstd are computed by considering
two galaxies at the same redshift z1 = z2 = 1, so that the relative difference is only a function
of the separation between the galaxies. The orange curve shows the contribution from lensing to
the relative difference. Specifically, the orange line represents the relative difference between the
correlation of lensing, density and Kaiser effect and the standard correlation: (ξlensing − ξstd)/ξstd,
where ξlensing ≡ ⟨(δstd−2K)(δstd−2K)⟩. The difference between the black and the orange curves, shown
by the red curve, represents the pure relativistic corrections to the standard theoretical predictions :(ξrel − ξstd)/ξstd, where ξrel = ⟨(δstd + δvel + δpot)(δstd + δvel + δpot)⟩ and δvel, pot are given in eq. (4.49).
In this plot the galaxy bias is b = 2 and the cut-off choices are kIR = Ho and kUV = 10 h/Mpc. Note
that ξrel is independent of gauge choice.
Note that the expression of the lensing convergence κ in eq. (4.37) has been manipulated
by using the following relations:
∇ˆi = r¯(δki − nˆinˆk)∂k = r¯(∂i − nˆinˆk∂k) , ∇ˆ2 = ∇ˆi∇ˆi = r¯2∆ − 2 r¯ nˆk∂k − r¯2 nˆknˆl∂k∂l ,
nˆk∂k = ∂η¯ + d
dr¯
.
(4.69)
In this way, the tensor perturbations Cij appear through the contraction C∣∣ in all terms
and in all expressions.
When all contributions in eq. (4.68) are substituted into eq. (4.67), the expression
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Figure 4.9: Two-point correlations of the relativistic contributions to the galaxy number density
due to primordial gravitational waves. The correlations are functions of the separation between two
galaxies at the same redshift z1 = z2 = 1.
of the galaxy number density can be reordered as
δg = −5C∣∣o +C∣∣ − 1HzC∣∣′ + 6∫ r¯z0 dr¯r¯ C∣∣ − 2∫ r¯z0 dr¯r¯z C∣∣+ [(3 − ez) + 2 − 2
r¯zHz − H′zH2z ]∫ r¯z0 dr¯ C∣∣′ + ∫ r¯z0 dr¯ ( r¯z − r¯r¯z r¯ )∇ˆ2C∣∣ ,
(4.70)
consistently with eqs. (40)−(41) in [107]. Note the presence of the observer term C∣∣o,
due to the fact that we have set the initial conditions for integrating the geodesic
equation by requiring that angular positions match the physical ones measured in
the observer rest frame. In other words, such term represents the mismatch between
the observer and the FRW coordinate systems, caused by tensor perturbations. As
we have discussed in the previous section, considering observer terms in the case of
scalar perturbations is important to guarantee the gauge invariance of the expressions,
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to ensure the convergence of the correlations in the infrared, and to obtain the cor-
rect amplitudes in the numerical evaluations. Despite the fact that there is no gauge
ambiguity for tensor perturbations, considering the observer term C∣∣o is essential for
the consistency of the expressions with the equivalence principle. Indeed, as we have
demonstrated in sec. 4.2.3, without the observer term the tensor contribution to the
galaxy number density would contain the unphysical effects of uniform gravity from
long-mode perturbations. Furthermore, it has been already shown in [107] that the
observer term C∣∣o is numerically important for the quadrupole of the observed galaxy
number density. If such term is neglected, the tensor contribution to the quadrupole
of the galaxy density cannot be estimated correctly.
In order to compute the two-point correlations, we first decompose the tensor per-
turbations into Fourier modes of two polarization states (labeled by s = +,×) as in
eq. (4.38),
Cij(η,k) = e+ij(kˆ)C+(η,k) + e×ij(kˆ)C×(η,k) , (4.71)
where the polarization tensors esij(kˆ) are transverse, traceless and normalized through
esije
s′ ij = 2 δss′ . The power spectra of the two polarizations C+ and C× are
⟨Cs(η1,k1)Cs′(η2,k2)⟩ = (2pi)3δD(k1 − k2)δss′ 1
16
PT (k1, η1, η2) , (4.72)
where PT is the total tensor power spectrum ∝ ⟨2Cij 2Cij⟩. From eqs. (4.71) and (4.72)
the two-point correlation of tensor perturbations in terms of the power spectrum is
given by
⟨Cij(η1,k1)Ckl(η2,k2)⟩ = (2pi)3δD(k1−k2)[e+ij(kˆ1)e+kl(kˆ1)+e×ij(kˆ1)e×kl(kˆ1)] 116PT (k1, η1, η2) .
(4.73)
The tensor power spectrum can be further expressed in terms of the primordial one as
PT (k, η1, η2) = T (k, η1)T (k, η2)PT0(k) , (4.74)
where T (k, η) is the tensor transfer function and the primordial power spectrum is
given by an amplitude AT and an index nT as
PT0(k) = 2pi2
k3
AT ( k
k0
)nT . (4.75)
The amplitude can be obtained from that of the scalar modes as AT = rAs, where r
is the tensor-to-scalar ratio at the pivot scale k0 and As = 2 × 10−9. The index is also
obtained from the tensor-to-scalar ratio as nT = −r/8. Assuming r = 0.2 at k0 = 0.07
h/Mpc, we have AT = 4 × 10−10 and nT = −0.025. As we consider no anisotropic stress
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which sources gravitational waves, the tensor modes generated after inflation propagate
freely. Thus, in the matter dominated epoch the transfer function is given by
T (k, η) = 3j1(kη)
kη
. (4.76)
This is still a valid approximation in the present epoch of accelerated expansion, and
we will use it in the numerical calculations of the correlation functions.
We now study the two-point correlation functions of the tensor contributions. We
first write down the analytic expressions of the correlations of each relativistic distortion
in eqs. (4.68) for the general case. Then we study the correlations numerically as
functions of the comoving separation between the two galaxies, considering only the
configuration in which both galaxies are at redshift z = 1. In this case, the correlation
can be also expressed as a function of the angular separation θ between the two lines
of sight. However, the approach we have used to compute the correlation functions
of the scalar contributions turns out to be complicated when applied to the tensor
perturbations, as in this case the time and space dependence cannot be separated.
Therefore, here we derive the correlation functions of the tensor contributions in terms
of the angular power spectrum Cl⟨A(z1, nˆ1)B(z2, nˆ2)⟩ = ξAB(z1, z2, θ) = 1
4pi
∑
l
(2l + 1)CABl (z1, z2)Pl(cos θ) , (4.77)
where A and B represent any of the relativistic corrections to the galaxy number
density, such as δz, δr/r¯z, κ, Hz∂zδr, and Pl(x) are the Legendre polynomials.
Note that each term in eq. (4.67) or (4.70) can be written as
A(z, nˆ) = ∫ r¯z
0
dr¯WA(z, r¯)C∣∣(η¯, r¯nˆ) = ∫ r¯z
0
dr¯WA(z, r¯)∫ d3k(2pi)3 eir¯k⋅nˆC∣∣(η¯,k) ,≡ ∫ d3k(2pi)3A(z, nˆ,k) ,
(4.78)
where for A = C∣∣ then WA(z, r¯) = δD(r¯ − r¯z), for A = δz then WAC∣∣ = ∂η¯ C∣∣∣η¯o−r¯ and
so on. First, we consider the contribution of a single plane-wave tensor perturbation,
propagating along the zˆ-direction (kˆ ≡ zˆ). Thus, the projection along the line of sight
can be written as
nˆinˆjCij(η¯,k) = sin2 θ[cos 2φC+(η¯,k) + sin 2φC×(η¯,k)] = sin2 θ[ei2φC+2 + e−i2φC−2] .
(4.79)
Note that the helicity states are related to the polarization states as C±2 = 12(C+∓ iC×),
and their power spectra as ⟨C+2C+2⟩ = ⟨C−2C−2⟩ = 12⟨C+C+⟩ = 12⟨C×C×⟩, while ⟨C+2C−2⟩ =
0. The contribution to A(z, nˆ) from this perturbation is given by
A(z, nˆ,k) = ∫ r¯z
0
dr¯WA(z, r¯) eikr¯µ(1 − µ2)[ei2φC+2(η¯,k) + e−i2φC−2(η¯,k)] , (4.80)
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where µ = nˆ ⋅ kˆ. The multipole coefficients of A(z, nˆ) are then
aAlm(z) = ∫ d2nˆY ∗lm(nˆ)A(z, nˆ) = ∫ d3k(2pi)3aAlm(z,k) , (4.81)
where the multipole coefficient in Fourier space is
aAlm(z,k) = ∫ d2nˆY ∗lm(nˆ)A(z, nˆ,k)
= ∫ r¯z
0
dr¯WA(z, r¯) ∫ d2nˆY ∗lm(µ,φ)eikr¯µ(1 − µ2)× [ei2φC+2(η¯,k) + e−i2φC−2(η¯,k)] .
(4.82)
By using the identity [107]
∫ dΩY ∗lm(1 − µ2)e±i2φeixµ = −√4pi(2l + 1)
¿ÁÁÀ(l + 2)!(l − 2)!il jl(x)x2 δm±2 , (4.83)
the latter can be written as
aAlm(z,k) = −il
¿ÁÁÀ4pi(2l + 1)(l + 2)!(l − 2)! ∫ r¯z0 dr¯WA(r¯, r¯z)
× [C+2(η¯,k)δm2 +C−2(η¯,k)δm−2]jl(kr¯)(kr¯)2 .
(4.84)
We now have all ingredients to compute the angular power spectrum Cl and the
two-point correlation functions by using eq. (4.77). We have
CABl (z1, z2) = 12l + 1∑m Re⟨aA∗lm(z1)aBlm(z2)⟩ , (4.85)
where the individual components with A ≡ B are
Cδzl (z1, z2) = 18pi (l + 2)!(l − 2)! ∫ dk k2PT0(k)∫ r¯z10 dr¯1 ∂∂η¯1T (k, η¯1)jl(kr¯1)(kr¯1)2×∫ r¯z2
0
dr¯2
∂
∂η¯2
T (k, η¯2)jl(kr¯2)(kr¯2)2 ,
(4.86)
Cδrl (z1, z2) = 18pi (l + 2)!(l − 2)! ∫ dk k2PT0(k)∫ r¯z10 dr¯1 [ − 1r¯z1Hz1 ∂∂η¯1 − 1r¯z1 ]T (k, η¯1)jl(kr¯1)(kr¯1)2×∫ r¯z2
0
dr¯2 [ − 1
r¯z2Hz2 ∂∂η¯2 − 1r¯z2 ]T (k, η¯2)jl(kr¯2)(kr¯2)2 ,
(4.87)
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Cκl (z1, z2) = 18pi (l + 2)!(l − 2)! ∫ dk k2PT0(k)
×∫ r¯z1
0
dr¯1 [5
2
δD(r¯1) − δD(r¯1 − r¯z1) − 3r¯1 − ∂∂η¯1 + l(l + 1)2 r¯z1 − r¯1r¯z1 r¯1 ]T (k, η¯1)jl(kr¯1)(kr¯1)2×∫ r¯z2
0
dr¯2 [5
2
δD(r¯2) − δD(r¯2 − r¯z2) − 3r¯2 − ∂∂η¯2 + l(l + 1)2 r¯z2 − r¯2r¯z2 r¯2 ]T (k, η¯2)jl(kr¯2)(kr¯2)2 ,
(4.88)
C∂zδrl (z1, z2) = 18pi (l + 2)!(l − 2)! ∫ dk k2PT0(k)
×∫ r¯z1
0
dr¯1 [ − H′z1H2z1 ∂∂η¯1− 1Hz1 δD(r¯1 − r¯z1) ∂∂η¯1 − δD(r¯1 − r¯z1)]T (k, η¯1)jl(kr¯1)(kr¯1)2×∫ r¯z2
0
dr¯2 [ − H′z2H2z2 ∂∂η¯2− 1Hz2 δD(r¯2 − r¯z2) ∂∂η¯2 − δD(r¯2 − r¯z2)]T (k, η¯2)jl(kr¯2)(kr¯2)2 .
(4.89)
Note that the time derivatives of the transfer functions are evaluated at η¯ = η¯o − r¯
and we have used the relation alm[∇ˆ2A] = −l(l + 1)aAlm to obtain Cκl . The angular
power spectra for A ≠ B are obtained analogously. The total tensor contribution to
the angular power spectrum is then given by
Ctotl (z1, z2) = 18pi (l + 2)!(l − 2)! ∫ dk k2PT0(k)
× ∫ r¯z1
0
dr¯1 [(3 − ez)Wδz(r¯1) + 2Wδr(z1, r¯1) − 2Wκ(z1, r¯1, l) +W∂zδr(z1, r¯1)]
× T (k, η¯1)jl(kr¯1)(kr¯1)2× ∫ r¯z2
0
dr¯2 [(3 − ez)Wδz(r¯2) + 2Wδr(z2, r¯2) − 2Wκ(z2, r¯2, l) +W∂zδr(z1, r¯2)]
× T (k, η¯2)jl(kr¯2)(kr¯2)2 ,
(4.90)
where Wδz, Wδr, Wκ and W∂zδr are read off eqs. (4.86)−(4.89). Note that Cl = 0 for
l = {0,1}, as for tensor perturbations the only scalar that can be constructed out of
Cij is the contraction nˆinˆjCij, whose multipole expansion starts from the quadrupole.
In fig. 4.9 we summarize our numerical results, obtained by considering two galaxies
at the same redshift z1 = z2 = 1. The two-point correlations are therefore functions of
the comoving separation r between the two spatial positions or the angular separation
θ between the two lines of sight. The plot shows that the total tensor contribution to
the two-point galaxy correlation function is of order 10−12, and it varies very little with
the separation. Among the relativistic corrections the lensing convergence is the most
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important, being four times larger than the contributions from the redshift and the
radial distortions. The amplitude of the correlation functions is expected to be small,
as primordial gravitational waves decay fast once they enter the horizon. We find,
indeed, that the effect of gravitational waves is suppressed by eight or more orders of
magnitude with respect to the scalar contributions.
4.4 Summary and Discussion
In this chapter we have studied the two-point galaxy correlation function, both theoret-
ically and numerically, providing the complete general relativistic predictions at linear
order that are essential to interpret its measurements. Many groups (e.g. [54, 83, 84,
94, 95, 96, 98, 99, 100, 114]) have already presented the relativistic galaxy two-point
correlation function, considering different cosmologies and exploring broad redshift in-
tervals with various configurations of the galaxy pairs. However, this chapter addresses
and resolves theoretical issues concerning the expression of the galaxy number density
and its two-point correlation function. Following the lead of [84, 101, 102, 105, 107],
we have shown that the boundary terms evaluated at the observer position are neces-
sary for the gauge-invariance of the expression, for its consistency with the equivalence
principle and for the convergence of the correlation function in the infrared regime.
The galaxy number density is an observable, measured by counting the number of
galaxies in the survey volume. As such, its theoretical expression has to be independent
from the gauge condition chosen for the computations. We have derived the theoret-
ical expression, starting from a general metric representation with scalar and tensor
perturbations, without imposing any gauge choice. In this way, we could explicitly
verify the gauge-invariance of our expression and check its validity. It is important to
stress that the gauge-invariant expression is obtained by deriving the observed galaxy
number density in terms of physical quantities, namely the observed redshift and the
angular position on the sky. These quantities are measured in the observer rest frame,
which requires the frame change from the FRW coordinates and results in perturbation
contributions at the observer position. These boundary terms at the observer position
cannot be set zero as it is often done in literature. The perturbations evaluated at the
observer position are, indeed, necessary for the gauge-invariance of the expression.
Furthermore, this complete gauge-invariant expression including the boundary terms
is needed for the compatibility with the equivalence principle. In sec. 4.2.3 we have
demonstrated that our expression satisfies the equivalence principle by showing ex-
plicitly that it is unaffected by the uniform gravitational potential and the uniform
acceleration generated by long-mode scalar or tensor perturbations, i.e. perturbations
with wavelength much larger than the distance between the observer and the source,
representing the scale of the system. When considering the two-point galaxy correla-
tion function, the infrared divergences generated by the monopole of the gravitational
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potential at the source and integrated along the line of sight are cancelled by the
divergent contributions at the observer, providing a finite result (see figures 4.1 and
4.2). If the perturbations at the observer position are set zero by hand, the divergent
contributions are not balanced in the two-point correlation function, and one is forced
to impose an arbitrary infrared cut-off when computing correlations.
One might argue that the perturbation contributions at the observer position are
constants and, therefore, taking an ensemble average to correlate them is conceptually
incorrect. Furthermore, the real observer only takes spatial average over the sources.
Since the ergodic theorem provides a correspondence between the spatial averaging and
the theoretical ensemble averaging, one might argue that the ensemble average should
not be taken over the perturbations at the observer, as there is no corresponding spatial
average [114]. Indeed, we do not have access to measurements taken from different
observers in the universe. However, the perturbations at the observer are random
fields evaluated at a point, exactly as perturbations at the source. Furthermore, the
distinction of the perturbation contributions at the observer position and the rest
is a gauge-dependent interpretation. In the conformal Newtonian gauge we adopted
for the computation there exist perturbation contributions at the observer position.
However, in the comoving gauge, for instance, there are no perturbation contributions
at the observer position, but those at the observer position in the conformal Newtonian
gauge are instated as the perturbations at the source position. As a consequence, one
cannot treat the observer position differently from any other point, when the ensemble
average is taken. This approach is the only way that leads to a theoretically consistent
result in any gauge conditions.
Adopting the conformal Newtonian gauge, we have performed numerical studies of
the individual relativistic contributions to the galaxy two-point correlation function.
The contributions to the observed galaxy number density are divided into the redshift
distortion δz, the radial distortion δr, the gravitational lensing convergence K, and the
Kaiser effect (or the redshift-space distortion). In such decomposition, each contribu-
tion is gauge dependent and some of them are IR diverging in the correlation function.
However, since we have shown that the sum is gauge invariant and its correlation con-
verges in the infrared, we have imposed an IR cutoff for the purpose of illustration.
With this, we have computed the relativistic contributions to the galaxy two-point
correlation function, considering two configurations of galaxy pairs: the one in which
the two galaxies are at the same redshift z = 1 (transverse), and the one in which the
two galaxies are along the same line-of-sight with middle point at fixed redshift z = 1
(parallel).
Our numerical results reproduce the standard two-point correlation function, which
accounts for the density fluctuation and the RSD, in complete agreement with the liter-
ature (see fig. 4.3). It is interesting to note that the auto-correlation of the RSD exhibit
the BAO feature in the parallel configuration, but not in the transverse one, as for the
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latter there is no correlation between the two lines of sight. The standard expression is
used to analyze data from current surveys, as the precision of such measurements does
not require higher theoretical accuracy. However, for future surveys the sub-percent
level of accuracy is demanded by the increasing precision of data, and the theoretical
expression must include all the relativistic effects. Our numerical results show that the
gravitational lensing convergence represents the most important relativistic effect after
the RSD, for small angular separations (θ < 2 deg) in the configuration where both
galaxies are at redshift z = 1 (see fig. 4.6) and for any comoving separation in the other
configuration (see fig. 4.7). The correlations of other relativistic effects are dominated
by the effect of peculiar velocities (see fig. 4.5). In particular, the contribution from
the velocity at the observer is the most important (see fig. 4.4), but it is often ignored
in the literature.
A detailed analysis of the correlation function was performed in [100]. The bottom
left panel of fig. 3 in [100] provides the fractional errors due to the individual relativistic
contributions to the correlation function in the same format as our fig. 4.8. Compared
to the standard calculation ξstd in fig. 4.8, the relativistic contribution is 6% at r =
200 Mpc/h, largely due to the velocity contribution. However, we find a factor 10
difference in fig. 3 in [100], where the velocity contribution (blue) is 0.6% at the same
separation. Apart from the factor two difference in galaxy bias, the cosmological
parameters adopted in [100] and our analysis are fairly identical. However, we note
that the calculation of the correlation function in [100] neglects all the contributions
at the observer position, and the velocity contribution among those at the observer
position is factor 10 larger than the source velocity contribution at r = 200 Mpc/h
shown in fig. 4.4. We believe that the factor 10 difference in the fractional errors
can be attributed to the missing velocity contribution at the observer position. The
gravitational potential contribution (green) in [100] appears larger than the velocity
contribution (blue), whereas the potential contributions in our calculation are typically
three orders of magnitude smaller than the velocity contributions.
As mentioned above, one cannot neglect the boundary terms at the observer in the
expression of the observable galaxy number density. While the other perturbations
at the observer (the time-lapse and the gravitational potential) are important mostly
because they eliminate the unobservable and divergent monopole from the correlation,
as their contribution has a very small amplitude compared with the density and RSD,
the velocity at the observer contributes to the dipole of the correlation and has a
non-negligible effect. Since the correlation of velocities at the observer is almost con-
stant, it is particularly important for large separations, where the correlation of other
contributions decreases. Also the spatial shift at the observer δro would contribute
to the dipole, but it cancels exactly in the theoretical expression. It is important
to consider it, however, to correctly predict the correlations of radial distortions, for
which it represents the leading contribution, and lensing convergences (fig. 4.5). We
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emphasize again that these individual quantities are gauge-dependent, such that the
separation of the correlation function into these terms is not unique and ignoring any
of these terms would lead to an inconsistent result in a different gauge choice. Indeed,
the observable two-point correlation function is only the total one, and the theoretical
(gauge-invariant) sum of various (gauge-dependent) contributions has to match it in
any gauge. For instance, one can choose the comoving gauge, in which the individual
relativistic corrections would contribute differently, but the sum is the same as in the
conformal Newtonian gauge. Note, however, that the individual relativistic corrections
in the comoving gauge would also diverge differently than in the conformal Newtonian
gauge, so that the gauge invariance of the expression is not a sufficient condition.
By computing the total correlation, we have also shown that ignoring relativistic
effects on top of the density fluctuation and the RSD would lead to a relative error
that can reach the 8% for two galaxies at redshift z = 1 separated by 5 deg at the
observer (see fig. 4.8). This means that one should use the relativistic expression to
interpret future data from upcoming surveys on such large scales. The terms involving
the gravitational potential (including Sachs-Wolf and Shapiro time-delay effects) have a
negligible contribution to the amplitude, at least 5 orders of magnitude smaller then the
(leading) density contribution, and can be ignored. This holds also when the luminosity
distance is concerned, as in this case the potential contribution is much smaller than the
(leading) velocity one. However, since the terms involving the gravitational potential
are cut-off dependent in the infrared, one can neglect them numerically only when
their role is understood and theoretically under control. Our work serves also this
purpose, providing the correct description of all relativistic effects in the galaxy two-
point correlation function.
Finally, we have calculated the correlations of individual relativistic corrections
due to the primordial gravitational waves and their total contribution to the two-point
galaxy correlation function. Since the galaxy number density is affected by gravi-
tational waves via redshift and volume distortions, the two-point galaxy correlation
function can be used as a probe for the primordial gravitational waves predicted by
inflation. Unfortunately, tensor modes decay inside the horizon, so that their effect is
only important at large scales and high redshifts. Consequently, the tensor contribu-
tion to the two-point galaxy correlation function is very small, in particular compared
to the scalar contribution that grows in time. In our numerical study we have consid-
ered the configuration where both galaxies are at redshift z = 1 and the correlation is
a function of the angular separation (see fig. 4.9). As expected, our results show that
with a tensor-to-scalar ratio of 0.2 the tensor contribution is of order 10−12, which is
about eight or more orders of magnitude smaller than the scalar contribution, making
it difficult to detect the primordial gravitational waves with galaxy clustering.
We have provided theoretical and numerical studies of the full relativistic two-
point galaxy correlation function. A deep understanding of all theoretical subtleties in
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the relativistic description of galaxy clustering is essential to interpret the numerous
upcoming surveys. Indeed, only the correct theoretical prediction can lead us to the
full realization of the cosmological potential of galaxy clustering enabled by precision
measurements in future galaxy surveys.
Appendices
4.A ΛCDM solutions for scalar perturbations
At linear order, all Fourier modes grow at the same rate and the time dependence of
the scalar perturbations in the conformal Newtonian gauge can be expressed in terms
of the growth function D of the linear density fluctuation δ(a,x) =D(a)δ+(x) and the
curvature perturbation ζ(x) in the comoving gauge. From the conservation of energy
and momentum in a ΛCDM universe, one derives the evolution equation for the linear
growth function D as
d2D
da2
+ (2 −Ωm) 3
2a
dD
da
− 3
2a2
D = 0 . (4.91)
The analytic solution is well-known:
D(a) = a 2F1[1
3
,1,
11
6
,− a3
Ωm
(1 −Ωm)] , (4.92)
where 2F1 is the hypergeometric function and Ωm = Ωm(a) is the matter density pa-
rameter.
Using the Einstein equations in the comoving gauge (γ = v = 0 , ϕ ≡ ζ), the per-
turbations can be expressed in terms of the spatial configuration δ+(x) of the density
contrast or the curvature perturbation ζ(x) as [115]
ζ(x) = C∆−1 δ+(x) ,
β(a,x) = CHΣ ∆−1 δ+(x) = 1HΣ ζ(x) ≡Dβ(a)ζ(x) , (4.93)
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where we defined the time-dependent functions
Dβ ≡ 1HΣ , Σ ≡ 1 + 32 Ωmf , f ≡ d lnDd lna . (4.94)
Since ζ is time-independent, C is a constant
C ≡ −f DH2 Σ , D(a)∝ 1H2fΣ , (4.95)
and it becomes C = −52H2oΩm in the Einstein-de Sitter universe.
The perturbation solutions in the conformal Newtonian gauge with no anisotropic
pressure (β = γ = 0 , α = −ϕ ≡ Ψ) are obtained by transforming the solution in the
comoving gauge. Given the gauge-transformations in sec. 4.2.1 one obtains T = β and
L = 0. Therefore, the perturbation variables in the conformal Newtonian gauge are
related to the comoving gauge variables as
Ψ = 1
a
(aβ)′, Ψ = −Hβ − ζ , v = −β ,
δηo = −vo , δxio = −∫ η¯o
0
dη¯ v ,i .
(4.96)
These can be further written in terms of the curvature perturbation as
Ψ(η,x) =DΨ(η)ζ(x) , v(η,x) = −DV (η)ζ(x) ,
δηo =DV o ζo , δxio = (ζ ,i)o∫ η¯o0 dη¯ DV , (4.97)
where DΨ = HDβ − 1 and DV = Dβ. By combining the above equations, we derive the
relations
DΨ = −HDV −D′V , DΨ = −12(D′V + 1) , ∫ r¯z0 dr¯DΨ = 12(DV −DV o − r¯z) ,
D′V + 2HDV − 1 = 0 , D′Ψ = H′H (DΨ + 1) − 2H(DΨ + 1) +H .
(4.98)
CHAPTER 5
Galaxy Power Spectrum in General Relativity
Preface
In this chapter, which is thoroughly based on the work that will be presented soon
in [3], we continue our relativistic study of light-cone observables focusing on the
last quantity of our interest: the galaxy power spectrum. By using the complete
gauge-invariant expression for the galaxy number density derived in chapters 3 and
4, we present the anisotropic three-dimensional galaxy power spectrum accounting
for all relativistic effects for the first time. As for the galaxy correlation function
studied in the previous chapter, we demonstrate that, only when all contributions to
the observed galaxy number density − the terms evaluated at the observer position,
at the source and integrated along the line of sight distance between them − are taken
into account, the galaxy power spectrum does not diverge on super-horizon scales. As
a consequence, the previous calculations of the galaxy power spectrum that account
only for the contributions at the source position are inconsistent with the equivalence
principle and indeed exhibit an infrared divergence. This unphysical behavior on large
scales vanishes if we consider all the relativistic contributions, so that there are no
direct corrections to the measurements of the primordial non-Gaussianity from the
relativistic effects in the power spectrum. In this chapter we present a novel approach
to compute the power spectrum, which allows to consider all relativistic contributions
in the derivation. This is possible only by noting the important difference between
the power spectrum commonly derived in theory and what galaxy surveys measure in
practice. As we explain, while the theoretical power spectrum is not observable, but is
related to the observed power spectrum, there is no ambiguity in its computation. For
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this reason, it offers a great opportunity to investigate, at theoretical level, the impact
of relativistic effects on large scales, providing the perfect ground to test the validity
of our predictions. We finally perform numerical computation of the galaxy power
spectrum with focus on the deviations from the standard redshift-space prediction on
large scales. Our results indicate that the relativistic effects should be included in
future analyses.
Based on:
[3] F. Scaccabarozzi, J. Yoo, S. G. Biern and J. O. Gong,
“Galaxy Power Spectrum in General Relativity”
in preparation
Abstract. We present the anisotropic three-dimensional galaxy power spectrum in
general relativity. Using a novel approach to computing the power spectrum, we de-
rive the galaxy power spectrum, taking into account all the relativistic contributions
of the observed galaxy number density fluctuation. We first demonstrate that the pre-
vious calculations of the power spectrum with an infrared divergence are inconsistent
with the equivalence principle, and this unphysical behavior on large scales vanishes
if we consider all the relativistic contributions. Consequently, there exists no direct
corrections to the measurements of the primordial non-Gaussianity from the relativis-
tic effects in the power spectrum. We then numerically compute the galaxy power
spectrum with particular emphasis on the deviations from the standard redshift-space
prediction on large scales. Our results show that the relativistic effects are indeed not
negligible.
5.1 Introduction
The next generation of galaxy surveys [19, 20, 21, 22, 23, 24] is going to explore the large
scale structure of the universe with unprecedented precision in their measurements and
parameter estimation. By measuring the positions of millions of galaxies, these surveys
will probe the distribution of galaxies at high redshifts on very large scales, where
the relativistic effects are more important. In order to extract physical information
from this map, different observables are computed, such as the galaxy correlation
function and the galaxy power spectrum. However, most expressions of the galaxy
number density used for the analysis only take into account matter density fluctuations
and redshift-space distortions. These standard expressions provide an approximation
to what we observe, which is not sufficiently accurate to interpret data from future
surveys.
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The impact of relativistic effects on the correlation function and the power spectrum
has already been investigated by previous works. On the one hand, the galaxy correla-
tion function can be derived directly in terms of observable quantities and its theoretical
prediction, including all relativistic effects, has been recently presented in [2, 100, 114].
On the other hand, the galaxy power spectrum has difficulties in its expression, be-
cause the Fourier decomposition is non-local in nature. Nevertheless, there have been
considerable theoretical efforts to obtain accurate theoretical predictions that accounts
for the relativistic effects. First, the significance of the relativistic effects on large scales
was investigated in the non-linear matter power spectrum [116, 117, 118]. These stud-
ies showed that the relativistic contributions are completely subdominant compared
to the density fluctuations, so that Newtonian cosmology is enough to describe large-
scale structure formation. However, these studies considered only the clustering of
dark matter in the physical coordinate system, not the observable galaxies in the local
coordinate system. Taking into account the kinematic Doppler effect in the context of
special relativity, Kaiser [48] pioneered the study on the relation between the physi-
cal and observational coordinate systems, and presented the anisotropic galaxy power
spectrum in the observational coordinates. By extending to general relativity, it was
first shown in [70, 71] how to obtain systematically the gauge-invariant expression for
the galaxy number density in the observational coordinate system. From that solution,
the corresponding galaxy power spectrum was derived and its detection significance was
quantified in [71, 83, 84]. However, because of the difficulties associated to the Fourier
decomposition, these works ignored the relativistic effects at the observer position and
along the line-of-sight direction.
Despite the fact the expression for the galaxy number density accounting for the
relativistic effects only at the source position is gauge-invariant, the contributions at
source position alone are not the full observable quantity. As a consequence, the galaxy
power spectrum obtained in [71, 83, 84] using the incomplete expression diverges on
super-horizon scales. In this chapter we show that, when all contributions that are
neglected in previous works are taken into account, the expression is in agreement with
the equivalence principle (see [2, 84, 101, 105]), and the infrared divergence cancels out.
Most importantly, however, we demonstrate that the galaxy power spectrum commonly
derived in theory (theoretical power spectrum) by taking a Fourier transformation of
the observed galaxy fluctuation does not exactly represents what is observed in galaxy
surveys. Indeed, in theory the Fourier transformation is defined on a hypersurface of
simultaneity, while galaxy surveys observe the full light-cone within the survey volume.
So far, this important distinction between the theoretical and observed galaxy power
spectrum has been ignored, leading to confusion in its interpretation.
In this chapter, we first investigate the relation between the theoretical and ob-
served galaxy power spectrum, providing the correct series of steps that allows one to
obtain the correct prediction to analyze data. Then we focus on the derivation of the
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theoretical power spectrum in general relativity. We present a simple method to com-
pute the galaxy power spectrum from the variance of the density fluctuation, which
allows to take into account all the relativistic effects, including those evaluated at the
observer and along the line-of-sight direction. With this method, we derive the ex-
pression for the three-dimensional anisotropic galaxy power spectrum. As mentioned
above, we show that when all terms are taken into account, the theoretical power
spectrum is devoid of the infrared divergence claimed in previous works [71, 83, 84].
Furthermore, our numerical results show the correct behavior of the theoretical power
spectrum on large scales, where the relativistic effects manifest themselves and cause
deviations from the standard prediction given by Kaiser formula.
While a correct description of the relativistic effects is essential to understand the
clustering of galaxies on large scales (from the theoretical point of view), in order to
obtain the detection significance one has to compute the observed power spectrum.
Obviously, a very large survey volume is needed to observe the impact of relativistic
effects on the galaxy power spectrum. Here, we do two important steps towards that
direction: first of all we clarify what is actually observed and provide the correct
interpretation of the galaxy power spectrum commonly computed in theory, second of
all we derive the correct theoretical expression considering all relativistic effects for the
first time.
The organization of the chapter is as follows. First we introduce the expression
for the observed galaxy fluctuation with all required ingredients in secs. 5.2.1 and
5.2.2. Then we discuss the distinction between the observed galaxy power spectrum
and the theoretical one in sec. 5.2.3, providing the mathematical relation among the
two quantities. We then study the theoretical power spectrum in sec. 5.3, where we
derive its analytical expression (sec. 5.3.1) and discuss how the issue concerning the
infrared divergence is resolved (sec. 5.3.2). In sec. 5.4 we compute the theoretical
power spectrum numerically, first considering the full three-dimensional information
but accounting only for the redshift-space distortions and the gravitational lensing
(sec. 5.4.1), then accounting for all the relativistic effects but considering only the
monopole, quadrupole and hexadecapole contributions (sec. 5.4.2). We conclude with
a summary and discussion in sec. 5.5. In appendix 5.B we provide the expressions for
the cross power spectra of different contributions to the galaxy fluctuation.
5.2 Preliminaries
In this section we first introduce the perturbation variables needed for the expression
of the observed galaxy number density, with the solutions for their time evolution
in ΛCDM. Next we present the gauge-invariant expression for the observed galaxy
number density fluctuation, which will be referred to as the observed galaxy fluctuation.
Finally, we define the “theory” Fourier modes of the observed galaxy fluctuation and
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discuss the subtlety associated with them.
5.2.1 Metric convention and ΛCDM solutions for scalar per-
turbations
We adopt a spatially flat Friedmann-Robertson-Walker (FRW) metric for our theo-
retical description of the background universe. For an inhomogeneous universe, we
consider only linear-order scalar perturbations and pressureless medium (dark matter
and baryons on large scales). We choose the conformal Newtonian gauge:
ds2 = −a2(1 + 2Ψ)dη2 + a2(1 − 2Ψ)dx2 , (5.1)
where η is the conformal time, xi are the Cartesian coordinates, a(η) is the scale factor
and Ψ(η,x) is the linear-order gravitational potential. In this space-time, the observer
moves with time-like four-velocity uµ ≡ a−1(1 − Ψ, V i), where the spatial component
can be expressed in terms of a scalar perturbation v(η,x) as Vi ≡ −∂iv.
The observer identifies the position of a source galaxy by measuring the redshift
z and the angular direction nˆ of the incoming photons. Given these quantities, the
observed source position xµ = (η¯z, r¯znˆi) can be computed by using the distance-redshift
relation in a homogeneous universe,
r¯z = η¯o − η¯z = ∫ z
0
dz′
H(z′) , (5.2)
where H is the Hubble parameter and a bar denotes that the coordinates are com-
puted in the background universe at the observer (o) and the source (at redshift z)
positions. However, the real position of the source galaxy is different from the one
inferred in the background universe, because the photon propagation is affected by the
inhomogeneities.
Before introducing the theoretical prediction for the galaxy number density we
need the ΛCDM solutions for the scalar perturbations that enter the expression. In a
universe with pressureless medium, all Fourier modes at linear order grow at the same
rate and the time dependence of the scalar perturbations in the conformal Newtonian
gauge can be expressed in terms of the growth functionD of the matter density contrast
δm(η,x) = D(η)/D(η0)δ(x), where δ(x) is the spatial configuration at the present
time. Using the conservation of energy and momentum in a ΛCDM universe, one can
derive the evolution equation for the linear growth function D(η)
d2D
da2
+ (2 −Ωm) 3
2a
dD
da
− 3
2a2
D = 0 , (5.3)
and the solution is
D(a)∝ a 2F1[1
3
,1,
11
6
,− a3
Ωm
(1 −Ωm)] , (5.4)
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where 2F1 is the hypergeometric function and Ωm = Ωm(a) is the matter density pa-
rameter. Furthermore, all the perturbations can be expressed in terms of the initial
curvature perturbation ζ(x) in the comoving gauge as [115]
Ψ(η,x) =DΨ(η)ζ(x) , v(η,x) = −DV (η)ζ(x) , Vi(η,x) =DV (η)∂iζ(x) , (5.5)
where the time-dependent growth functions DΨ and DV are related to D through
DΨ = 1 −Σ
Σ
, DV = 1
aHΣ
, Σ ≡ 1 + 3
2
Ωm
f
, f ≡ d lnD
d lna
. (5.6)
Furthermore, DΨ and DV satisfy the following equations
DΨ = HDV −1 = −HDV −D′V = −12(D′V +1) , ∫ r¯z0 dr¯DΨ = 12(DV −DV o− r¯z) , (5.7)
where H = aH is the conformal Hubble parameter and a prime denotes the derivative
with respect to conformal time. Finally, the relation between the spatial configuration
δ(x) of the density contrast and the curvature perturbation ζ(x) is given by
ζ(x) = C∆−1δ(x) . (5.8)
Since ζ is time-independent, C ≡ −H2ΣfD/D0 is a constant, i.e. D ∝ 1/(H2Σf). As
a consequence, one can use the solution C = −5H2o /2 derived in the simple case of the
Einstein-de Sitter universe.
5.2.2 Observed galaxy number density
The observed galaxy number density ng is obtained by counting the number of galaxies
within the observed volume, which is the volume in a homogeneous universe within
the observed redshift interval and the observed solid angle. However, in the presence
of inhomogeneities in the universe, the observed volume does not correspond to the
physical one occupied by the observed galaxies. Such difference contributes to the
fluctuation δg in the galaxy number density that can be described as ng ≡ n¯g(η¯z)(1+δg),
where n¯g is the mean density. Since the galaxy number density is a physical observable,
the theoretical expression of δg, derived as a function of the observed redshift and
angles, is gauge-invariant [70, 71, 103, 104, 84].
We split the expression of the observed galaxy fluctuation into the local contribu-
tions evaluated at the source (s) and the observer (o) positions, and the non-local (nl)
contributions: δg(z, nˆ) = δs(z, nˆ) + δo(z, nˆ) + δnl(z, nˆ), where we use the term “non-
local” to refer to the contributions arising from the line-of-sight integration as opposed
to those at the observer or the source positions. Written as a function of the observed
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redshift and angles, the expression in the conformal Newtonian gauge is given by
δs = bδm − eHv + [4 − h(z)](V∣∣ −Ψ) − 1H(∂∣∣V∣∣ − V ′∣∣ − ∂∣∣Ψ −Ψ′) , (5.9)
δo = −[3 − h(z) + 2
r¯zHo ]Hovo + [3 − h(z)]Ψo + [h(z) − 1]V∣∣o , (5.10)
δnl = ∫ r¯z
0
dr¯ [ 4
r¯z
Ψ + 2[h(z) − 3]Ψ′ − 2( r¯z − r¯
r¯z r¯
)∇ˆ2Ψ] , (5.11)
where b is the galaxy bias, δm is the matter density contrast in the comoving gauge,
e ≡ d ln n¯g/d ln(1+z) is the evolution bias, V∣∣ ≡ nˆiVi is the line-of-sight velocity, ∂∣∣ ≡ nˆi∂i
is the derivative along the line of sight, ∇ˆ2 is the angular Laplacian, related to the
3D Laplacian ∇ˆ2 = r¯2∆ − 2r¯ ∂r¯ − r¯2∂2r¯ , r¯ is the radial coordinate, corresponding to
the comoving distance and finally we defined the redshift-dependent function h(z) ≡
e +H′/H2 + 2/(r¯zH) for compactness.1
Using the relations in eqs. (5.5)−(5.8), we can re-arrange the three contributions
δs, δo, δnl to the observed galaxy fluctuation as
δs(z, nˆ) = ∫ d3k(2pi)3 eikr¯zµk{bD +A 1k2 + B i µkk + C µ2k}δ(k) , (5.12)
δo(z, nˆ) = ∫ d3k(2pi)3{D 1k2 + E i µkk }δ(k) , (5.13)
δnl(z, nˆ) = ∫ d3k(2pi)3 ∫ r¯z0 dr¯ eikr¯µk{F(r¯) 1k2 + G(r¯) i µkk + I(r¯) (1 − µ2k)}δ(k) , (5.14)
where µk ≡ kˆ ⋅ nˆ and we defined the following functions of time (or redshift)
A ≡ ( − 2 [h − 3]HDV + 2
r¯z
DV − 5 + h)C , B ≡ [h − 3]DVC , C ≡Df , (5.15)
D ≡ ([3 − h](1 − 2HoDV o) − 2
r¯z
DV o)C , E ≡ −[h − 1]DV oC , (5.16)
F(r¯) ≡ ( − 4
r¯z
DΨ(r¯) − 2[h − 3]D′Ψ(r¯))C , G(r¯) ≡ −4( r¯z − r¯r¯z )DΨ(r¯)C ≡ 2r¯ I(r¯) .
(5.17)
Note that these functions depend on redshift through their dependence on h, H, r¯z,
DV , D and f . Finally, we also used the symmetry in k directions to derive ∇ˆ2eikr¯ µk =−kr¯ [2iµk + kr¯(1 − µ2k)]eikr¯µk in the line-of-sight contribution.
1Note that the definition of h(z) here corresponds to 3 − h(z) with h(z) defined as in [2], where
the evolution bias e is instead called ez.
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As we shall see in sec. 5.3.1, the expressions in eqs. (5.12)−(5.14) are more practical
to compute the power spectra of different contributions to the observed galaxy fluctu-
ation. We will derive the galaxy power spectrum as the sum of such contributions and
also show that there is no divergence on large scales.
δg(k)
δthg (k, η¯z)
O
S
̂n
η¯z
η¯o
η
η¯zmax
η¯zmin
Figure 5.1: Sketch of the observational light-cone volume and the hypersurface of simultaneity.
The observer is located at the background time coordinate η¯o, and we consider the source field at
one (observed) redshift slice z (time coordinate η¯z). The (survey) light-cone volume drawn in blue
corresponds to the observed hypersurface on which the observed Fourier mode δg(k) of δg(xobs) is
defined. The (spatially infinite) hypersurface of simultaneity at the source redshift drawn in red, in
which the theory Fourier modes δthg (k; η¯z) of δg(xobs) are defined. Note that the intersection with the
light-cone is the only part of the hypersurface of simultaneity to which we have access in observation.
We assume that the survey ranges over redshift z ∈ [zmin, zmax].
5.2.3 Theory Fourier mode and theory power spectrum
In this section we discuss the relation between the theory power spectrum that we
compute in sec. 5.3 and the observed power spectrum measured in galaxy surveys.
As we shall see, the key difference between the two quantities is the hypersurface of
simultaneity. The theory power spectrum is defined in a hypersurface of simultaneity
shown as red dotted in Figure 5.1, while the observed hypersurface of simultaneity is
given by the past light-cone volume within the survey boundary shown as blue solid
in Figure 5.1. The observers treat the (survey) light-cone volume as a hypersurface
of simultaneity and compute the (observed) power spectrum in this hypersurface. A
schematic illustration is presented in Figure 5.1.
In the survey light-cone volume V , the observed Fourier mode δg(k) can be obtained
by simply taking a Fourier transformation of the observed galaxy fluctuation δg(xobs)
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on V , as though the volume is a hypersurface of simultaneity, as
δg(k) ≡ ∫
V
d3xobs e
−ik⋅xobsδg(xobs) , (5.18)
while the theory Fourier mode δthg (k; ηz) is defined in a hypersurface set by the observed
redshift z as
δg(xobs) = ∫ d3k(2pi)3 eik⋅xobsδthg (k; η¯z) , (5.19)
where the observed position on the light cone is in a FRW coordinate
xobs ≡ r¯znˆ . (5.20)
The former is literally a Fourier transformation of the field δg(xobs) in a volume V ,
under the assumption that the volume V is a hypersurface of simultaneity, and the
observers use this quantity to compute the observed power spectrum. On the other
hand, the theory Fourier mode is defined in a hypersurface of simultaneity, regardless
of observational accessibility. In general, the theory Fourier mode, such as the matter
density δm(k; η), the peculiar velocity Vi(k; η) and the gravitational potential Ψ(k; η),
is evolved, according to the solutions of the Einstein equation in sec. 5.2.1, given the
initial conditions such as the comoving-gauge curvature perturbation ζ(k; ηi) at the
initial time ηi. Consequently, these (theory) Fourier modes depend on the hypersur-
face set by the time coordinate η, as evident in the solutions of the time-dependent
growth functions in sec. 5.2.1. In particular, we are interested in the theory Fourier
mode δthg (k; η¯z) that is defined in the hypersurface set by the observed redshift z (time
coordinate η¯z) and that gives the observed galaxy fluctuation δg(xobs) at the intersec-
tion xobs of the hypersurface and the survey light-cone volume.
A few more words are in order. First, the hypersurface of our interest is set by the
observed redshift z only, independent of the observed angle nˆ. Second, the fluctuation
field δg(x; η¯z) defined in terms of the theory Fourier mode, similar to Eq. (5.19),
δg(x; η¯z) = ∫ d3k(2pi)3 eik⋅xδthg (k; η¯z) (5.21)
is well-defined at all spatial position x in the hypersurface set by the observed redshift z,
and it coincides with δg(xobs) in eq. (5.19) when x = xobs. One subtlety is that since
the theoretical description of the observed galaxy fluctuation involves the observed
angular position nˆ, the theory Fourier mode δthg (k; η¯z) and the fluctuation δg(x; η¯z)
in the hypersurface are fully specified, only if one observed position xobs within the
survey is chosen. The theory Fourier mode is indeed the Fourier transformation of the
fluctuation field δg(x; η¯z)
δthg (k; η¯z) = ∫ d3x e−ik⋅xδg(x; η¯z) , (5.22)
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where the spatial integration is over the infinite hypersurface of simultaneity. Last,
we will be interested in the power spectrum of the theory Fourier mode (or the theory
power spectrum) in the hypersurface. Consequently, the theory power spectrum is not
a direct observable, but related to the observed power spectrum. More importantly, as
we show in section 5.3, it is more suitable for theoretical investigations of the observed
galaxy fluctuation in Fourier space, independent of the specifications of the survey
geometry, which complicates the observed power spectrum.
The observed Fourier mode can be related to the theory Fourier mode as
δg(k) ≡ ∫
V
d3xobs e
−ik⋅xobsδg(xobs) = ∫
V
d3xobs e
−ik⋅xobs ∫ d3k′(2pi)3 eik′⋅xobsδthg (k′; η¯z)= ∫ d3k′(2pi)3 ∫V d3xobs ei(k′−k)⋅xobsδthg (k′; η¯z) .
(5.23)
Due to the time-dependence (or the hypersurface), the theory Fourier mode cannot be
pulled out of the integration over the light-cone volume V . Only if the survey volume
is shallow in redshift depth, it can be pulled out of the integration, and the volume
integration can be approximated as a Dirac delta function to yield δg(k) ≈ δthg (k; η¯z).
In general, the observed Fourier mode is a convolution of the theory Fourier mode
over multiple hypersurfaces set by the redshift range of the survey and also the survey
geometry encoded in the integration range V . The observed power spectrum is then
related to the theory power spectrum as
⟨δg(k1)δ∗g (k2)⟩ = ∫ d3k(2pi)3 ∫ d3k′(2pi)3 ∫V1 d3x1∫V2 d3x2 ei(k−k1)⋅x1e−i(k′−k2)⋅x2× ⟨δthg (k; η¯1)δth∗g (k′; η¯2)⟩= ∫ d3k(2pi)3 ∫V1 d3x1∫V2 d3x2 eik⋅(x1−x2)e−i(k1⋅x1−k2⋅x2)Pth(k; η¯1, η¯2) ,
(5.24)
where we used ⟨δthg (k; η¯1)δth∗g (k′; η¯2)⟩ ≡ (2pi)3δD(k − k′)Pth(k, η¯1, η¯2) . (5.25)
Throughout the chapter, our primary focus is the theory power spectrum in a hypersur-
face of simultaneity shown as red dotted in Figure 5.1, and we defer the investigation
of the observed power spectrum to a future work.
Since the theory Fourier mode is defined in terms of the observed position xobs,
the theory power spectrum of our interest is also defined in terms of one observed
position xobs, and with eq. (5.19) it can be readily obtained by considering the variance
of the observed galaxy fluctuation as
σ2g(xobs) ≡ ⟨δg(z, nˆ)δ∗g (z, nˆ)⟩ = ∫ d3k(2pi)3Pth(k; η¯z) . (5.26)
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Given the expression of the observed galaxy fluctuation in eqs. (5.12)−(5.14), we can
compute the variance at a given observed position xobs and simply read off the theory
power spectrum defined in the hypersurface set by η¯z. As demonstrated in section 5.3,
this theory power spectrum is closely related to the theoretical expectations such as the
redshift-space distortion, but without the need to make assumptions like the distant
observer approximation. Furthermore, since it is defined in terms of one observed
point, there is no ambiguity involving two points such as the wide angle effect (see
[119]).
5.3 Power Spectrum for the Observed Galaxy Num-
ber Density
In this section we compute the theory power spectrum of the galaxy fluctuation ac-
counting for all general relativistic effects. We first compute the theory power spectra
of the contributions δs, δo and δnl, by using the method described in sec. 5.2.3. We
then discuss the issue of infrared divergences in the individual contributions, explain-
ing how and why they cancel out in the galaxy power spectrum. The final expression
will be used to compute numerically the galaxy power spectrum in sec. 5.4. Since we
deal only with the theory power spectrum, from now on we refer to that when saying
power spectrum.
5.3.1 Individual contributions to the power spectrum
Following the method described in sec. 5.2.3, the full relativistic galaxy power spectrum
P thg is obtained by computing the variance of the galaxy fluctuation δg,
σ2g(xobs) ≡ ⟨δg(z, nˆ)δ∗g (z, nˆ)⟩ = ∫ d3k(2pi)3P thg (z,k) . (5.27)
Since the galaxy fluctuation is given by the sum of the local and non-local contributions
as δg = δs+δo+δnl, the galaxy power spectrum can be written as the sum of their power
spectra
P thg ≡ Ps + Po + Pnl + 2Ps-o + 2Ps-nl + 2Po-nl , (5.28)
where the individual power spectrum Pa-b is defined as in eq. (5.27) but in terms of[⟨δaδ∗b ⟩ + ⟨δbδ∗a⟩]/2 and Pa ≡ Pa-a. All the power spectra are evaluated at the obseved
redshift z and the wavevector k. Note that the splitting of Pg as in eq. (5.28) is
gauge-dependent, as it simply follows from the decomposition of δg into the local and
non-local contributions. However, such decomposition is convenient to compare the
complete prediction Pg with the previous work in literature. For example, the power
spectrum computed in [71, 83, 84] corresponds to Ps, as we show below.
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First we compute the power spectrum Ps of the fluctuation δs at the source position
and compare it with the result presented in [84, 83]. The variance of δs can be directly
derived starting from eq. (5.12). We obtain
σ2s(xobs) = ⟨δs(z, nˆ)δ∗s (z, nˆ)⟩ = ∫ d3k(2pi)3 [(b2D2 + 2bDCµ2k + C2µ4k)
+ (2bDA + 2ACµ2k + B2µ2k) 1k2 +A2 1k4 ]Pm(k) ,
(5.29)
where Pm is the matter power spectrum at redshift zero defined by2⟨δthm(k; η¯o)δth∗m (k′; η¯o)⟩ ≡ (2pi)3δD(k − k′)Pm(k) .
The corresponding power spectrum can now be read off as
Ps(z,k) = Pz(z,k) + [(2bDA + 2ACµ2k + B2µ2k) 1k2 +A2 1k4 ]Pm(k) , (5.30)
where we introduced the standard redshift-space power spectrum [48]
Pz(z,k) ≡ [b2 + 2bfµ2k + f 2µ4k]D2Pm(k) . (5.31)
This result is in agreement with that found in [84, 83]. The contribution at the source
to the power spectrum consists of the redshift-space power spectrum Pz and the gen-
eral relativistic effects, corresponding to the terms in the square brackets that are
proportional to k−2Pm(k) and k−4Pm(k). We already notice the advantage of the the-
ory power spectrum: the redshift-space power spectrum is naturally obtained in our
theory power spectrum, without adopting the distant observer approximation, which
is necessary to obtain the the redshift-space power spectrum in the observed power
spectrum, in addition to other approximations such as no z-evolution. Interestingly,
since Pm(k) ∝ kns , with the spectral index ns ≈ 0.96, these relativistic corrections
diverge when k goes to zero. As a result, Ps is infrared-divergent, as already pointed
out in [84, 83]. As we will discuss in sec. 5.3.2, such infrared divergence is not physical,
as the source contribution Ps alone is not an observable and the equivalence principle
is violated in its expression.
Only the expression for the total power spectrum P thg is consistent with the equiva-
lence principle, because it is related to the observed power spectrum through eq. (5.77).
As we have already mentioned, the splitting of P thg is for convenience and the individ-
ual contributions are not by themseleves physical quantities. Nevertheless, considering
2The theory Fourier modes δthm(k; η¯z) of the matter density fluctuation δm(z, nˆ) at redshift z are
defined as δm(xobs) = ∫ d3k(2pi)3 eik⋅xobsδthm(k; η¯z). The quantity Pm(k) corresponds the matter power
spectrum computed by Boltzmann codes such as CLASS or CAMB.
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the contributions individually can be useful to understand their importance on differ-
ent scales for P thg . With the expression for Ps at hand, we now derive the remaining
contributions. We expect the remaining expressions to contain terms proportional to
k−2Pm(k) and k−4Pm(k) that eventually cancel those in Ps when summed all together.
In addition, there can be terms proportional to Pm(k) (non-divergent terms) that
would result in a deviation from the prediction Pz of the redshift-space distortions. As
we will show, such deviations occur on large scales and they are redshift-dependent.
Using the same method applied to obtain Ps, we derive the power spectrum at the
observer position and the power spectrum of the non-local contributions:
Po(z,k) = [D2 1
k4
+ E2µ2k 1k2 ]Pm(k) , (5.32)
Pnl(z,k) = ∫ r¯z
0
dr¯1dr¯2 e
ik∆rµk[F1F2 1
k4
+ 2F1I2 1 − µ2k
k2
+ G1G2µ2k
k2
+ I1I2(1 − µ2k)2]Pm(k) ,
(5.33)
where we defined ∫ r¯z0 dr¯1dr¯2 ≡ ∫ r¯z0 dr¯1 ∫ r¯z0 dr¯2, ∆r ≡ r¯1 − r¯2 and Xi ≡ X (r¯i) for X ≡F , G, I.
The above expressions can be expanded into angular multipoles in terms of the
Legendre polynomials L`(µk) as P (z,k) ≡ ∑∞`=0L`(µk)P`(z, k). We obtain
Ps(z,k) = Pz(z,k) (5.34)
+ {A2L0 1
k4
+ [2(bDA + 2
3
AC + 1
3
B2)L0 + 2
3
(2AC + B2)L2] 1
k2
}Pm(k) ,
Pz(z,k) = [(b2 + 2
3
bf + 1
5
f 2)L0 + (4
3
bf + 4
7
f 2)L2 + 8
35
f 2L4]D2Pm(k) . (5.35)
Po(z,k) = [D2L0 1
k4
+ 2
3
E2[L0 +L2] 1
k2
]Pm(k) , (5.36)
Pnl(z,k) = ∞∑
n=0(−1)n(4n + 1)L2n∫ r¯z0 dr¯1dr¯2 [F1F2 1k4 j2n(∆x) − G1G2 1k2 j′′2n(∆x)+2F1I2 1
k2
[j2n(∆x) + j′′2n(∆x)] + I1I2[j2n(∆x) + 2j′′2n(∆x) + j′′′′2n (∆x)]]Pm(k) , (5.37)
where the Legendre polynomials are functions of µk and we defined ∆x ≡ k∆r. Fur-
thermore, we used the following relations
µ2k = 23[L0(µk) +L2(µk)] , µ4k = 135[17L0(µk) + 20L2(µk) + 8L4(µk)] ,
eiyµk = ∞∑`=0 i`(2` + 1)j`(y)L`(µk) , µ2k eiyµk = − ∞∑`=0 i`(2` + 1)j′′` (y)L`(µk) ,
(5.38)
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where j`(y) are the spherical Bessel functions and j ′`(y) ≡ ∂yj`(y). The cross power
spectra Ps-o, Ps-nl, Po-nl of δs, δo and δnl are derived in the same way and their
expressions are presented in appendix 5.B. The redshift-space power spectrum in
eq. (5.35) shows the usual decomposition into the monopole, quadrupole and hex-
adecapole. However, the non-local contribution from the line-of-sight integration gives
rise to the contributions at all even multipoles ` = 0,2,4,6,8, . . . (odd multipoles van-
ish due to the symmetry associated with one line-of-sight direction nˆ). The results in
eqs. (5.34)−(5.37) and (5.78)−(5.80) provide the complete analytical expression for the
fully relativistic power spectrum of the observed galaxy fluctuation.
5.3.2 Infrared divergences and cancellation
The gauge invariance and the equivalence principle of general relativity offer a unique
way to test the validity of the theoretical predictions for the observed galaxy fluctuation
δg and its (theoretical) power spectrum. It was shown [2, 72] that the expression of
the galaxy fluctuation in eqs. (5.9)−(5.11) is gauge-invariant and compatible with the
equivalence principle. In particular, by isolating the contributions from a uniform
gravitational field in the perturbations, it was shown that the expression is devoid
of the corresponding terms. Besides confirming the derivations of [72], it was shown
that the expression does not exhibit any infrared divergence on super horizon-scales,
as demonstrated in [101, 106].
The equivalence principle states that a gravitational field is equivalent to the cor-
responding acceleration of the reference system. It implies that the laws of physics in
a reference frame that is in free fall are the same as in the complete absence of gravity.
This means that a uniform gravitational field has no effect on observations. In the
case of our interest, where the source and the observer are on the past light-cone sep-
arated by the (comoving) distance r¯z, any perturbation with wavelength larger than
r¯z behaves like a uniform gravitational field. We refer to such modes as long-mode
perturbations, which should not affect any observable. Indeed, these modes produce
unphysical infrared divergences and it is important to check that their contributions
cancel out in the expressions. In this section, we revisit these issues in the power
spectrum.
Following the argumentation of [2], to focus on the effects of long-mode perturba-
tions we introduce an infrared cut-off scale kIR set by kIRr¯z ≪ 1. We then split the
gravitational potential into long and short modes with respect to kIR as
Ψ(η, r¯nˆ) ≡ Ψlong +Ψshort = ∫ kIR
0
d3k(2pi)3 eik⋅r¯nˆΨ(k; η) + ∫ ∞kIR d3k(2pi)3 eik⋅r¯nˆΨ(k; η) . (5.39)
By expanding the exponential in terms of kIRr¯, the long-mode potential can be written
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as
Ψlong = Ψo + r¯Ψ1 +∑
n≥2
(r¯)n
n!
Ψn , (5.40)
where
Ψo ≡ ∫ kIR
0
d3k(2pi)3 Ψ(η,k) , Ψ1 ≡ nˆi[∂iΨ]o ≡ nˆi∫ kIR0 d3k(2pi)3 (iki)Ψ(η,k) , Ψn ≡ ∂n∣∣ Ψ∣r¯=0 .
(5.41)
This simple expansion shows that the gravitational potential between the observer
and source positions contains both Ψo and Ψ1, corresponding to the uniform gravity
modes, and these two contributions are called the uniform gravitational potential and
the uniform gravitational force respectively. According to the equivalence principle,
the contributions of Ψo and Ψ1 are indistinguishable from the free-fall. Consequently,
Ψo and Ψ1 should have no effect on physical observables measured by this observer.
It was shown [2] that the gauge-invariant expression of the galaxy fluctuation δg
does not contain Ψo and Ψ1, as the terms proportional to such long modes cancel
each other when all local (δs, δo) and non-local contributions (δnl) are put together.
The point is that the resulting power spectrum has no infrared divergences, contrary
to what was found in previous works (see [84, 83]). In order to see how the long-
mode contributions lead to infrared divergences in the power spectrum, we look at the
variances σ2o and σ21 of Ψo and Ψ1 respectively,
σ2o = ⟨ΨoΨo⟩∝ ∫ kIR
0
d3k(2pi)3 1k4Pm(k) , σ21 = ⟨Ψ1Ψ1⟩∝ ∫ kIR0 d3k(2pi)3µ2k 1k2Pm(k) ,
(5.42)
Considering that the contribution to the power spectrum are given by the quanti-
ties integrated over Fourier space, we immediately see that the long modes yield the
divergent terms k−2Pm(k) and k−4Pm(k).
The scale dependence of the general relativistic contributions implies that the super-
horizon modes play a significant role. While the terms leading to infrared divergences
vanish in the galaxy fluctuation, other effects (represented by non-divergent terms) can
manifest on large scales. This means that the standard redshift-space power spectrum
may not be accurate enough to describe the behavior of the galaxy power spectrum
on large scales. In other words, the total power spectrum (including all contributions)
does not exhibit any infrared divergence on super horizon-scales, but it can contain
features that appear on large scales and are not taken into account by the standard
calculation.
While the redshift-space power spectrum is not divergent for k → 0, considering
only the contribution δs (in which Ψo and Ψ1 do not cancel out) yields an expression
that is inconsistent with the equivalence principle (despite being gauge-invariant). Now
we isolate the divergent part in the power spectrum Ps at the source position that is
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eventually cancelled when the total power spectrum is computed. On large very scales
the source power spectrum is indeed given by
P sk→0(z,k) = [A2L0 1k4 +2(bDA+ 23AC + 13B2)L0 1k2 + 23(2AC +B2)L2 1k2 ]Pm(k) . (5.43)
As explained above, this diverging contribution is unphysical. In the same spirit, we
compute the divergent parts in the power spectrum Po at the observer position and
the power spectrum Pnl of the contributions integrated along the line of sight:
P ok→0(z,k) = [D2L0 1k4 + 23E2[L0 +L2] 1k2 ]Pm(k) , (5.44)
P nlk→0(z,k) = ∫ r¯z
0
dr¯1dr¯2 {F1F2[(1 − 1
6
∆x2)L0 − 1
3
∆x2L2] 1
k4
+ 4
3
F1I2[L0 −L2] 1
k2
+ 1
3
G1G2[L0 + 2L2] 1
k2
}Pm(k) . (5.45)
The cross power spectra of δs, δo and δnl are given by the eqs. (5.81)−(5.83) in ap-
pendix 5.B. In order to obtain the divergent contributions to the power spectra in
eqs. (5.37) and (5.78)−(5.80) we expanded the Bessel functions around zero up to the
order required to have terms scaling as k−4Pm(k) and k−2Pm(k) in the power spectra.
The sum of these divergent contributions given by eqs. (5.43)−(5.45) and (5.81)−(5.83)
vanishes. As a result, the total power spectrum has no infrared divergence, in agree-
ment with the equivalence principle. Note that, according to the multipole expansion,
the divergent contributions only appear in the monopoles and the quadrupoles of the
power spectra, i.e. the quantities proportional to L0 and L2. The reason is that, at
linear order in the perturbations, the uniform gravity modes Ψo and Ψ1 only contribute
to the multipoles with ` ≤ 2, because the highest power of µk in their correlations is
µ2k (see eq. (5.42)). In other words, the sum of the monopoles and the quadrupoles
in eqs. (5.43)−(5.45) and (5.81)−(5.83) are both zero independently, as one can check
using eqs. (5.15)−(5.17) and the relations in eq. (5.7).
Since the divergent contributions do not manifest in the total power spectrum,
we can write down “IR-safe” power spectra by simply subtracting the divergent parts,
eqs. (5.43)−(5.45) and (5.81)−(5.83), from the respective power spectra in eqs. (5.34)−(5.37)
and (5.78)−(5.80). The IR-safe power spectra are given by the following expressions
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and eqs. (5.84)−(5.86),
P sIR-safe(z,k) = Ps(z,k) − P sk→0(z,k) = Pz(z,k) , (5.46)
P oIR-safe(z,k) = Po(z,k) − P ok→0(z,k) = 0 , (5.47)
P nlIR-safe(z,k) = Pnl(z,k) − P nlk→0(z,k)
= ∫ r¯z
0
dr¯1dr¯2 { ∞∑
n=2(−1)n(4n + 1)L2n[F1F2 j2n(∆x)k4 + 2F1I2 [j2n(∆x) + j
′′
2n(∆x)]
k2
− G1G2 j′′2n(∆x)
k2
] + I1I2 ∞∑
n=0(−1)n(4n + 1)L2n[j2n(∆x) + 2j′′2n(∆x) + j′′′′2n (∆x)]+F1F2[L0(j0(∆x) − 1 + 1
6
∆x2) +L2( − 5j2(∆x) + 1
3
∆x2)] 1
k4
+ 2F1I2[L0(j0(∆x) + j′′0 (∆x) − 23) +L2( − 5j2(∆x) − 5j′′2 (∆x) + 23)] 1k2
− G1G2[L0(j′′0 (∆x) + 13) +L2(5j′′2 (∆x) − 23)] 1k2}Pm(k) . (5.48)
These quantities can be computed numerically at any scale, as they do not diverge
for small k values. Naturally the IR-safe contributions do not have a direct physical
meaning when considered individually, but their expressions are useful because the sum
corresponds to the total power spectrum and they do not contain unphysical effects
that would eventually cancel.
5.4 Numerical Computation of the Power Spectrum
In this section we numerically compute the theoretical galaxy power spectrum. Since
the full relativistic three-dimensional power spectrum is very complicated, we first
compute the redshift-space distortion and the gravitational lensing contributions to
the power spectrum, ignoring other relativistic contributions, as they represent the
dominant components. Next we compute the monopole, quadrupole and hexadecapole
of the galaxy power spectrum including all the general relativistic effects.
For numerical calculations we assume a flat ΛCDM universe with matter density
Ωm = 0.3038, baryon density Ωb = 0.0462, dark energy density ΩΛ = 0.65, scalar ampli-
tude As = 2.1×10−9 at the pivot scale k0 = 0.05Mpc−1, spectral index ns = 0.96, Hubble
parameter h = 0.70 and bias factor b = 1. Furthermore, we assume no magnification
bias and the evolution bias is set to e = 3 at any redshift. In short, we treat galaxies
as non-relativistic matter for illustration.
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5.4.1 Redshift-space distortion and gravitational lensing
We consider the main contributions to the galaxy number density: the matter density,
the redshift-space distortion and the gravitational lensing. Compared to the full general
relativistic expression we neglect the contributions from the gravitational potential and
the velocity. In this way, we can easily compute the three-dimensional power spectrum
and present a result that very well approximates the total power spectrum on most
scales. The expression for the galaxy fluctuation in this case is given by
δzL(z, nˆ) = δz + δL , (5.49)
where the standard redshift-space galaxy fluctuation is
δz(z, nˆ) = bδm − 1H∂∣∣V∣∣ = ∫ d3k(2pi)3 eikr¯zµk[b + fµ2k]Dδ(k) , (5.50)
and the gravitational lensing contribution is
δL(z, nˆ) = −2∫ r¯z
0
dr¯ ( r¯z − r¯
r¯z r¯
)∇ˆ2Ψ
= −2∫ d3k(2pi)3 ∫ r¯z0 dr¯ eikr¯µk( r¯z − r¯r¯z )[2i µkk + r¯ (1 − µ2k)]DΨ(r¯)Cδ(k) .
(5.51)
We want to compute the three-dimensional power spectrum of δzL. This can be written
as
PzL(z,k) = Pz + PL + 2Pz-L , (5.52)
where the first term is the redshift-space power spectrum,
Pz(z,k) = [(b2 + 2
3
bf + 1
5
f 2)L0 + (4
3
bf + 4
7
f 2)L2 + 8
35
f 2L4]D2Pm(k) , (5.53)
the second term is the IR-safe lensing power spectrum obtained from ⟨δL(z, nˆ)δ∗L(z, nˆ)⟩,
PL(z,k) = ∫ r¯z
0
dr¯1dr¯2 {I1I2 ∞∑
n=0(−1)n(4n + 1)L2n[j2n(∆x) + 2j′′2n(∆x) + j′′′′2n (∆x)]+ G1G2 ∞∑
n=2(−1)n+1(4n + 1)L2n j′′2n(∆x) 1k2− G1G2[L0(j′′0 (∆x) + 13) +L2(5j′′2 (∆x) − 23)] 1k2}Pm(k) ,
(5.54)
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and the last term is the cross power spectrum obtained from ⟨δK(z, nˆ)δ∗L(z, nˆ)⟩,
PzL(z,k) = ∫ r¯z
0
dr¯
∞∑
n=0(−1)n(4n + 1)L2n[CG(r¯)1kj′′′2n(∆xz) − bDG(r¯)1kj′2n(∆xz)+bDI(r¯)[j2n(∆xz) + j′′2n(∆xz)] − CI(r¯)[j′′2n(∆xz) + j′′′′2n (∆xz)]]Pm(k) .
(5.55)
where we defined ∆xz ≡ k∆rz. Note that eqs. (5.54) and (5.55) can be obtained from
eqs. (5.48) and (5.79) by setting A ≡ B ≡ F ≡ 0 , as the contributions proportional
to these functions do not appear in δzL. Note that the lensing power spectrum is
divergent and, therefore, one has to subtract the divergent part if interested in the
behavior on large scales. For this reason, we subtracted the divergent contributions in
the monopole and the quadrupole of eq. (5.54). To simplify the numerical computations
of eqs. (5.54)−(5.55) one can use the relation
j′n(y) = 12n + 1[njn−1(y) − (n + 1)jn+1(y)] , (5.56)
and avoid computing the derivatives at every step in the integration and the sum.
5.4.2 Full relativistic contributions
We now take into account the complete gauge-invariant expression of the galaxy num-
ber density in eqs. (5.9)−(5.11). We expand the three-dimensional power spectrum in
the Legendre polynomials. The multipole power spectra P`(z, k) can be calculated nu-
merically including all the relativistic effects. In the next three subsections we compute
the total monopole (` = 0), quadrupole (` = 2) and hexadecapole (` = 4), accounting for
all the individual contributions at the source, at the observer and integrated along the
line of sight. We only consider these multipoles because they can be compared one-to-
one with the monopole, quadrupole and hexadecapole of the standard redshift-space
power spectrum, which is given by the sum of only these three multipoles without
the general relativistic effects. Note that the odd multipoles vanish due to symmetry.
We plot our results at three different redshift values: z = {0.5, 1, 2}, in order to show
the redshift dependence of the relativistic effects. We investigate the behavior of the
power spectra on large scales, where the deviation from the standard redshift-space
power spectrum is largest.
Monopole
The monopole (angle-averaged) power spectrum is obtained by integrating the three-
dimensional power spectrum over the angle kˆ, or by taking the derivative of the variance
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Figure 5.2: Monopole power spectrum at redshift z = 1 as a function of k. The colored lines represent
the individual contributions, while the black line represent the total power spectrum. Dashed lines
represent negative values. Note the diverging trend of the individual contributions to the monopole
power spectrum on large scales, while the total power spectrum remains finite on all scales.
of the galaxy fluctuation, as
P0(z, k) = ∫ dµk2 P (z,k) = 2pi2k2 ∂∂kσ2(z, k) . (5.57)
Note that the above equalities hold for each contributions. For instance, the monopole
of the power spectrum Ps at the source is given by P s0 = ∫ dµk2 Ps = 2pi2k2 ∂∂kσ2s . Therefore,
by integrating eqs. (5.34)−(5.37) and (5.78)−(5.80) over the angles, we obtain the
individual contributions to the monopole power spectrum as
P s0 (z, k) = P z0 (z, k) + Pm(k){[B23 + 2D(b + f3)A] 1k2 +A2 1k4} , (5.58)
P o0 (z, k) = [D2 1k4 + 13E2 1k2 ]Pm(k) , (5.59)
P nl0 (z, k) = ∫ r¯z
0
dr¯1 dr¯2 [F1F2 j0(∆x)
k2
+ 4F1I2 j1(∆x)
∆x
+ G1G2(j0(∆x) − 2j1(∆x)
∆x
)
− 8I1I2(j0(∆x)
∆x2
− 3j1(∆x)
∆x3
)] 1
k2
Pm(k) , (5.60)
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where P z0 (z, k) = (b2 + 23bf + 15f 2)D2Pm(k) is the redshift-space monopole power spec-
trum. Finally, the cross power spectra are given by the coefficients of L0 in eqs. (5.78)−(5.80).
Indeed, also the above expressions can be obtained by taking the coefficients of L0 in
the three-dimensional power spectra derived in sec. 5.3.1, specifically eqs. (5.34)−(5.37).
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Figure 5.3: Same as fig. 5.2 but at redshift z = 0.5.
On large scales, the individual contributions to the monopole power spectrum P0
(except the redshift-space monopole P z0 ) diverge, because of terms proportional to
k−2Pm(k) and k−4Pm(k). For instance, the light blue line in fig. 5.2 represents the
monopole power spectrum of the contribution at the source at redshift z = 1, whose
expression is given by eq. (5.58). In the plot one can see how the behavior of P s0
(light blue line) deviates from the standard redshift-space prediction (represented by
the brown line overlapping with the black one but visible at k ∼ 0.001 h/Mpc) as
k ≲ 0.005 h/Mpc and then goes to infinity as k → 0, in agreement with what found
in [83, 84]. The infrared divergence in P s0 is a consequence of the violation of the
equivalence principle in the incomplete expression, as discussed in sec. 5.3.2. Indeed,
the contribution P s0 itself is not an observable quantity and the divergence is canceled
when the remaining contributions are taken into account to compute the total monopole
power spectrum.
In order to see how the divergent parts in the individual local and non-local contri-
butions cancel each other in the total monopole power spectrum, it is useful to write
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down the expressions of the power spectra when k → 0. We obtain
P s0k→0(z, k) = Pm(k){A2 1k4 + [B23 + 2D(b + f3)A] 1k2} , (5.61)
P o0k→0(z, k) = [D2 1k4 + 13E2 1k2 ]Pm(k) , (5.62)
P nl0k→0(z, k) = ∫ r¯z
0
dr¯1dr¯2[F1F2 1
k4
+ 1
3
(G1G2 − 1
2
∆r2F1F2 + 4F1I2) 1
k2
]Pm(k) , (5.63)
and the cross power spectra are given by the coefficients of L0 in eqs. (5.81)−(5.83). To
isolate the divergent parts in the power spectra we expanded around zero the Bessel
functions in the expressions of the monopole contributions obtained above, up to the
order required to have terms scaling as k−2Pm(k) and k−4Pm(k).
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Figure 5.4: Same as fig. 5.2 but at redshift z = 2.
As one can verify by using eqs. (5.15)−(5.17) and the relations between different
growth functions in eq. (5.7), the sum of eqs. (5.61)−(5.63) and the coefficients of L0 in
eqs. (5.81)−(5.83) is zero, as the divergent terms cancel each other. In particular, both
the coefficients of k−2Pm(k) and k−4Pm(k) are zero. We can therefore define IR-safe
power spectra by simply taking away the divergent terms from each contribution. We
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obtain
P s0 IR-safe(z, k) = P s0 (z, k) − P s0k→0(z, k) = P z0 (z, k) , (5.64)
P o0 IR-safe(z, k) = P o0 (z, k) − P o0k→0(z, k) = 0 , (5.65)
P nl0 IR-safe(z, k) = P nl0 (z, k) − P nl0k→0(z, k)= Pm(k)∫ r¯z
0
dr¯1dr¯2 [F1F2 1
k4
(j0(∆x) − 1 + 1
6
∆x2) + 4F1I2 1
k2
(j1(∆x)
∆x
− 1
3
) (5.66)
+ G1G2 1
k2
(j0(∆x) − 2j1(∆x)
∆x
− 1
3
) − 8I1I2(j0(∆x)
∆x2
− 3j1(∆x)
∆x3
)] , (5.67)
and the expressions of the cross power spectra are given by the coefficients of L0 in
eqs. (5.84)−(5.86).
In figs. 5.2, 5.3 and 5.4 we show the results of our numerical computations of
the monopole power spectrum at redshift z = 1, 0.5 and 2 respectively. From these
figures one can see that, while the individual contributions diverge in the infrared, the
total power spectrum does not. Furthermore, the relativistic effects produce features
in the power spectrum for k < keq, where keq corresponds to the scale of matter-
radiation equality (at which we have the turn-over in the standard redshift-space power
spectrum). These features consist of oscillations as well as changes in the amplitude.
The behavior of the oscillations depends on the redshift, as different contributions can
be more or less important in the total power spectrum according to the distance of
the sources. For example, at redshift z = 0.5 we observe more oscillations than at
z = 1 and 2 because the source-observer contribution, which oscillates fast due to the
Doppler effect, is the largest after the source power spectrum, almost on all scales. At
redshift z = 2, instead, the oscillations are slower but the change in amplitude is larger,
as in this case the dominant contributions (after the source one) are the non-local
density contrast and its cross correlation with the source density contrast. This is due
to the fact that the integrated effects, such as the lensing convergence, become more
important at higher redshift, and they smear out the oscillations due to the Doppler
effect.
In the top plot of fig. 5.5 we compare the total relativistic monopole power spec-
trum with the redshift-space monopole power spectrum at redshift z = 0.5, 1, 2. The
redshift-space power spectrum represents the standard theoretical prediction that is
used to analyze the data from galaxy surveys. However, the plot shows that the total
relativistic monopole power spectrum deviates from the redshift-space one on large
scales (for k ≲ keq), for all redshift values considered. As we will see in the next
subsections, this occurs also for higher multipoles.
We analyze further the difference between our relativistic prediction and the redshift-
space one in the bottom plot of fig. 5.5. The plot shows that the fractional difference
reaches the percent level on scales larger than k = 0.02 h/Mpc. We can therefore infer
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Figure 5.5: Top plot: Comparison between the full relativistic and the redshift-space monopole
power spectrum at redshift z = {0.5,1,2} as a function of k. Bottom plots: Fractional difference
between the full relativistic and the redshift-space monopole power spectrum at redshift z = 0.5, 1, 2
as a function of k. The numerical calculations are performed assuming a flat ΛCDM universe with
Ωm = 0.3 and the bias factor is set to unity (b = 1).
that the relativistic effects, and in particular the contributions at the observer and
integrated along the line of sight, are not negligible. Indeed, not only the observer and
non-local contributions cancel the infrared divergence in the source power spectrum,
but also they involve (non-divergent) terms that change the amplitude on large scales.
Quadrupole
As for the monopole power spectrum, we proceed to compute the quadrupole power
spectrum. The individual contributions to the quadrupole power spectrum can be
obtained from the coefficients of L2(µk) in the expressions for the three-dimensional
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Figure 5.6: Quadrupole (top plot) and Hexadecapole (bottom plot) power spectrum at redshift
z = 0.5 as a function of k. The colored lines represent the individual contributions, while the black
line represent the total power spectrum. Dashed lines represent negative values.
power spectra in sec. 5.3.1 and appendix 5.B. We obtain
P s2 (z, k) = P z2 (z, k) + (43AC + 23B2) 1k2Pm(k) , P o2 (z, k) = 23E2 1k2Pm(k) , (5.68)
P nl2 (z, k) = −5∫ r¯z
0
dr¯1dr¯2 [F1F2 1
k4
j2(∆x) + 2F1I2 1
k2
[j2(∆x) + j′′2 (∆x)]
− G1G2 1
k2
j′′2 (∆x) + I1I2[j2(∆x) + 2j′′2 (∆x) + j′′′′2 (∆x)]]Pm(k) , (5.69)
where P z2 (z, k) = (4/3bf + 4/7f 2)D2Pm(k). The cross power spectra are given by the
coefficients of L2 in eqs. (5.78)−(5.80).
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On large scales, the individual contributions to the quadrupole diverge, because of
terms proportional to k−2Pm(k). The behavior of the power spectra when k → 0 is
given by
P s2k→0(z, k) = (43AC + 23B2) 1k2Pm(k) , P o2k→0(z, k) = 23E2 1k2Pm(k) , (5.70)
P nl2k→0(z, k) = −13 ∫ r¯z0 dr¯1dr¯2 [F1F2x2k4 + 4F1I2 1k2 − 2G1G2 1k2 ]Pm(k) , (5.71)
and the coefficients of L2 in eqs. (5.81)−(5.83). Note that we expanded around zero
the Bessel functions in the expressions of the quadrupole contributions, up to the order
required to have terms scaling as k−2Pm(k).
As for the monopole, the divergent terms cancel out in the total quadrupole power
spectrum. In other words, the sum of eqs. (5.70)−(5.71) and the coefficients of L2 in
eqs. (5.81)−(5.83) vanishes. We can therefore define IR-safe power spectra by simply
taking away the divergent terms. Again we obtain that the IR-safe source power
spectrum corresponds to the redshift-space quadrupole, P s2 IR-safe(z, k) = P z2 (z, k), and
the contribution at the observer vanishes, P o2 IR-safe(z, k) = 0. On the other hand, the
non-local contribution is given by
P nl2 IR-safe(z, k) = −5∫ r¯z
0
dr¯1dr¯2 [F1F2 1
k4
(j2(∆x) − 1
15
∆x2) + 2F1I2 1
k2
(j2(∆x)
+ j′′2 (∆x) − 215) − G1G2 1k2(j′′2 (∆x) − 215) + I1I2[j2(∆x) + 2j′′2 (∆x) + j′′′′2 (∆x)]]Pm(k) ,
(5.72)
and the IR-safe cross power spectra are given by the coefficients of L2 in eqs. (5.84)−(5.86).
In the top panels of figs. 5.6, 5.7 and 5.8 we show the results of our numerical com-
putations of the quadrupole power spectrum at redshift z = 0.5, 1, and 2 respectively.
As for the monopole, while the individual contributions diverge as k goes to zero, the
total quadrupole power spectrum does not. Instead, the relativistic effects produce
features in the power spectrum for k < keq, with a redshift-dependent behavior. At
redshift z = 0.5 the quadrupole power spectrum deviates from the redshift-space pre-
diction with some oscillations between k ≈ 0.001 h/Mpc and k ≈ 0.01 h/Mpc. Then
it decreases monotonically for k ≲ 0.001 h/Mpc, but with smaller amplitude than the
redshift-space prediction. Also at redshift z = 1 and z = 2 the quadrupole power spec-
trum shows some oscillations between k ≈ 0.001 h/Mpc and k ≈ 0.01 h/Mpc, but then
it becomes negative for k ≲ 0.001 h/Mpc. If we look at the fractional difference be-
tween the full relativistic and the redshift-space quadrupole power spectrum in the
top plots of fig. 5.9, we observe that it reaches the percent level on scales larger than
k = 0.015 h/Mpc for all redshifts considered. This strengthens the conclusion we made
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Figure 5.7: Same as fig. 5.6 but at redshift z = 1.
after analyzing the monopole power spectrum: the relativistic effects must be taken
into account in the theoretical prediction when looking at large scales (for k ≲ keq).
Hexadecapole
The individual contributions to the hexadecapole power spectrum can be obtained from
the coefficients of L4(µk) in the expressions of the three-dimensional power spectra in
sec. 5.3.1 and appendix 5.B. We obtain that the contribution at the source corresponds
to the redshift-space power spectrum, P s4 (z, k) = P z4 (z, k) = 8/35f 2D2Pm(k), and the
contribution at the observer vanishes, P o4 (z, k) = 0. The non-local contribution is
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instead given by
P nl4 (z, k) = 9∫ r¯z
0
dr¯1dr¯2 [F1F2 j4(∆x)
k4
+ 2F1I2 [j4(∆x) + j′′4 (∆x)]
k2
− G1G2 j′′4 (∆x)
k2
+ I1I2[j4(∆x) + 2j′′4 (∆x) + j′′′′4 (∆x)]]Pm(k) .
(5.73)
Finally, the cross power spectra are given by the coefficients of L4 in eqs. (5.78)−(5.80).
The individual contributions to the hexadecapole power spectrum do not diverge, as
well as those of higher mulitpoles. In the bottom panels of figs. 5.6, 5.7 and 5.8 we show
the results of our numerical computations of the quadrupole power spectrum at redshift
z = 0.5, 1, and 2 respectively. We analyze the difference between our full relativistic
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prediction and the redshift-space one in the bottom plots of fig. 5.9. Compared to
the monopole and quadrupole, in this case we observe an even larger difference with
respect to the standard redshift-space prediction. Furthermore, the deviations from
the redshift-space power spectrum appear on smaller scales. The fractional difference
reaches the percent level already at k ≈ 0.05 h/Mpc and z = 0.5. Finally, the oscillations
starts on smaller scales than for the monopole and quadrupole, they are faster and with
larger amplitude.
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Figure 5.9: Fractional difference between the full relativistic and the redshift-space quadrupole (top
panels) and hexadecapole (bottom panels) power spectrum at redshift z = {0.5,1,2}. The numerical
calculations are performed assuming a flat ΛCDM universe with Ωm = 0.3 and the bias factor is set
to unity (b = 1).
5.5 Conclusions
In this chapter we have studied the galaxy power spectrum in general relativity, clarify-
ing the important difference between the power spectrum commonly derived in theory
and what galaxy surveys measure in practice. As we have explained in sec. 5.2.3, on
the one hand, the theoretical power spectrum is obtained by taking a Fourier transfor-
mation of the observed galaxy fluctuation on the hypersurface of simultaneity at the
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source time coordinate. On the other hand, the observed power spectrum is obtained
by taking a Fourier transformation of the observed galaxy fluctuation on the light-cone
hypersurface. While the theoretical power spectrum is not observable, because we do
not observe spatial hypersurfaces but the past light-cone, there is no ambiguity in its
computation. For this reason, it offers a great opportunity to investigate, at theoretical
level, the effects of general relativity on large scales, providing the perfect ground to
test the validity of our theoretical predictions. Even though observations are restricted
to a limited range of scales, the expression for the theoretical power spectrum can be
used to derived the observed power spectrum, as we show in appendix 5.B.
After discussing the subtleties in its definition, we have derived the theoretical
galaxy power spectrum in general relativity, accounting for all the contributions to the
observed galaxy number density fluctuation for the first time. The complete gauge-
invariant expression of the observed galaxy number density fluctuation δg consists of
local terms evaluated at the source (δs) and at the observer (δo) and non-local terms
(δnl) integrated along the line-of-sight distance between source and observer [70, 71, 84].
After decomposing the expression into these three contributions in sec. 5.2.2, we have
derived their power spectra by using a new and simple method. As described in
sec. 5.2.3, instead of computing the power spectrum directly from the Fourier modes,
we have made use of the duality between the variance of δg and its power spectrum.
In this way, we have been able to easily take into account all contributions and to
compute their individual power spectra in sec. 5.3.1, demonstrating their importance
in order to obtain a correct theoretical prediction.
In the past there have been considerable theoretical efforts to derive the galaxy
power spectrum in general relativity. The current state of the art is given by the results
presented in [84, 71, 83]. However, these studies considered only the contribution at
the source (δs) to the observed galaxy fluctuation. Indeed, it was commonly believed
that δs contributes dominantly to the power spectrum. The reason is that δnl is only
important for the pure transverse modes, while δo consists only of uniform gravity
modes that have no physical effects. Furthermore, when the power spectrum is derived
directly from the Fourier modes of the density fluctuation, taking into account δo
and δnl is mathematically obstructed. While it is true that δs contributes dominantly
mostly on all scales, the other contributions are comparable on very large scales, where
the power spectrum of δs diverges (see for instance fig. 5.2). In addition, the uniform
gravity modes not only affect δo but also δs and δnl (see also [2]). As a consequence,
as discussed in sec. 5.3.2, the power spectra of δs, δo and δnl are all divergent on
very large scales. Here we have explicitly confirmed that the divergent behavior near
the horizon scale, obtained previously by considering only the local contributions to
the galaxy number density fluctuation evaluated at the source, is the result of the
uniform gravity modes and is inconsistent with the equivalence principle. Moreover,
we have demonstrated that this divergent behavior is precisely cancelled when the other
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contributions to the galaxy fluctuation are taken into account (see again fig. 5.2).
By considering the complete gauge-invariant expression of δg, which is consistent
with the equivalence principle and devoid of infrared divergence, we have derived the
correct theoretical expression for the galaxy power spectrum. Our results show the
correct behavior of the theoretical power spectrum on large scales, where the relativistic
effects manifest themselves and cause deviations from the standard prediction given by
redshift-space formula. Indeed, by computing numerically the monopole, quadrupole
and hexadecapole of the power spectrum, we have shown the presence of oscillations
on scales comparable or larger than the scale keq of matter-radiation equality. The
behavior of these features depends on the redshift (see for instance fig. 5.5), first of
all, because the redshift sets the unique scale of the system defining which modes
are relevant and, second of all, because different contributions can be more or less
important according to the distance of the sources. We find that, for the multipoles
that we analyzed, the fractional difference with the redshift-space prediction reaches
the percent level on scales larger than keq.
To conclude, we have shown that the relativistic effects do not yield the divergent
feature in the galaxy power spectrum. In particular, the contributions to the observed
galaxy fluctuation at the observer and integrated along the line of sight are not neg-
ligible and must be taken into account for obtaining a correct theoretical prediction.
Our results can be used in the future to obtain the observed power spectrum, consid-
ering a specific galaxy survey, and quantify the impact of the relativistic effects on the
measurements performed on large scales.
Appendices
5.A Observed power spectrum vs. theory power spec-
trum
In this appendix we extend the discussion of sec. 5.2.3 and present the relation between
the theory power spectrum and the observed power spectrum.
Starting from eq. (5.24), we assume for simplicity that δg ≡ δm, as our argument is
independent of such approximation and all derivations can be easily generalized to the
complete expression. In this case, we can then factorize the time dependence of the
galaxy fluctuation as δg(η¯z,k) =D(η¯z)δ(k), so that Pth(k, η¯1, η¯2) = Pth(k)D(η¯1)D(η¯2).
Then we have
⟨δg(k1)δ∗g (k2)⟩ = ∫ d3k(2pi)3F (k,k1)F ∗(k,k2)Pth(k) , (5.74)
where the kernel F (k,k′) is defined as
F (k,k′) ≡ ∫
V
d3xobs e
i(k−k′)⋅xD(η¯z)
= ∫ rmax
rmin
dr¯z r¯
2
zD(η¯o − r¯z)∫ θmax
0
dθ sin θ∫ 2pi
0
dϕeir¯z(k−k′)⋅nˆ . (5.75)
Note that D(η¯z) cannot be pulled out, because when we integrate over the survey
volume we also integrate over a time interval. The quantities rmin, rmax and θmax
define the survey volume with center at distance r¯z = (rmin + rmax)/2 from the observer
and opening angle 2θmax. This relation is simplified if one takes k1 = k2 = k:
⟨δg(k)δ∗g (k)⟩ = ∫ d3k′(2pi)3Pth(k′)∣F (k′,k)∣2 . (5.76)
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For an idealized case, where the survey volume is infinite, eq. (5.74) is equal to⟨δg(k1)δ∗g (k2)⟩ = (2pi)3δD(k1 − k2)P (k1). However, with a finite survey volume, the
Dirac delta is (2pi)3δD(0) = ∫V d3x = V and we derive the observed power spectrum
Pobs(k) = 1
V ∫ d3k′(2pi)3Pth(k′)∣F (k′,k)∣2 . (5.77)
In conclusion, one can use the theory power spectrum to obtain the observed counter-
part using eq. (5.77) by convolving with the survey geometry.
5.B Cross power spectra
In this appendix we provide the expressions for the cross power spectra of the con-
tributions δs, δo, δnl to the observed galaxy fluctuation δg in eqs. (5.9)−(5.11). We
present the full expressions for the cross power spectra Ps-o, Ps-nl and Po-nl, expanding
them into angular multipoles with respect to the angle kˆ. Since the power spectra
are real, their expressions are only given by the sums of even multipoles, and the
odd multipoles vanish, because they are proportional to the imaginary number in the
expression eiyµk = ∑∞`=0 i`(2`+ 1)j`(y)L`(µk). As discusses in sec. 5.3.2, the infrared di-
vergence occurs only in the monopole and quadrupole contributions in the individual
power spectra. However, the divergent parts cancel out when all the monopole and
quadrupole power spectra are summed. Therefore, after isolating the divergent parts,
we present the expressions for the IR-safe cross power spectra.
The cross power spectra of the contributions δs, δo, δnl to the density fluctuation δg
are obtained from the variances ⟨δsδ∗o ⟩, ⟨δsδ∗nl⟩, ⟨δoδ∗nl⟩ by using the method described
in sec. 5.3.1. We obtain
Ps-o(z,k)
Pm(k) = ∞∑n=0(−1)n(4n + 1)L2n[AD 1k4 j2n(kr¯z) + [BD −AE] 1k3 j′2n(kr¯z)+ bDD 1
k2
j2n(kr¯z) − [BE + CD] 1
k2
j′′2n(kr¯z) + bDE 1kj′2n(kr¯z) + CE 1kj′′′2n(kr¯z)] ,
(5.78)
Ps-nl(z,k)
Pm(k) = ∞∑n=0(−1)n(4n + 1)L2n∫ r¯z0 dr¯ [F j2n(∆xz)k2 (Ak2 + bD) + [BF −AG]j′2n(∆xz)k3+AI j2n(∆xz) + j′′2n(∆xz)
k2
− [CF + BG]j′′2n(∆xz)
k2
+ CG j′′′2n(∆xz)
k
− bDG j′2n(∆xz)
k+ BI j′2n(∆xz) + j′′′2n(∆xz)
k
+ bDI[j2n(∆xz) + j′′2n(∆xz)] − CI[j′′2n(∆xz) + j′′′′2n (∆xz)]] ,
(5.79)
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Po-nl(z,k)
Pm(k) = ∞∑n=0(−1)n(4n + 1)L2n∫ r¯z0 dr¯ [DF 1k4 j2n(kr¯) − [EF −DG] 1k3 j′2n(kr¯)−EG 1
k2
j′′2n(kr¯) +DI 1k2 [j2n(kr¯) + j′′2n(kr¯)] − EI 1k [j′2n(kr¯) + j′′′2n(kr¯)]] ,
(5.80)
where the Legendre polynomials are functions of µk and we defined ∆rz ≡ r¯z − r¯ and
∆xz ≡ k∆rz for compactness. Note that the imaginary parts (corresponding to odd
multipoles) correctly vanish.
We now isolate the divergent terms in the above cross power spectra:
P s-ok→0(z,k) ={AD 1k4 [(1 − 16k2r¯2z)L0 − 13k2r¯2zL2] + bDD 1k2L0
− 1
3
[r¯zBD − r¯zAE − BE − CD] 1
k2
[L0 + 2L2]}Pm(k) , (5.81)
P s-nlk→0(z,k) = ∫ r¯z
0
dr¯ {AF 1
k4
[(1 − 1
6
∆x2z)L0 − 13∆x2zL2] + 23AI 1k2 [L0 −L2]
−1
3
[∆rz(BF −AG) − CF − BG] 1
k2
[L0 + 2L2] + bDFL0}Pm(k) ,
(5.82)
P o-nlk→0(z,k) = ∫ r¯z
0
dr¯ {DF 1
k4
[(1 − 1
6
k2r¯2)L0 − 1
3
k2r¯2L2] + 2
3
DI 1
k2
[L0 −L2]
+ 1
3
[r¯EF − r¯DG + EG] 1
k2
[L0 + 2L2]}Pm(k) . (5.83)
Note that the divergent contributions, given by the terms proportional to k−2Pm and
k−4Pm, only appear in the monopoles and the quadrupoles of the cross power spectra.
The IR-safe cross power spectra, in which the divergent terms are removed as
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defined in sec. 5.3.2, are then given by
P s-oIR-safe(z,k) = Ps-o(z,k) − P s-ok→0(z,k) = { ∞∑
n=2(−1)n(4n + 1)L2n[AD j2n(kr¯z)k4 + bDD j2n(kr¯z)k2+ [BD −AE]j′2n(kr¯z)
k3
− [BE + CD]j′′2n(kr¯z)
k2
] + ∞∑
n=0(−1)n(4n + 1)L2nE[bDj′2n(kr¯z)k + C j′′′2n(kr¯z)k ]+AD 1
k4
[L0(j0(kr¯z) − 1 + 1
6
k2r¯2z) −L2(5j2(kr¯z) − 13k2r¯2z)] + bDD 1k2 [L0(j0(kr¯z) − 1)
− 5L2j2(kr¯z)] + [BD −AE] 1
k3
[L0(j′0(kr¯z) + 13kr¯z) −L2(5j′2(kr¯z) − 23kr¯z)]
− [BE + CD] 1
k2
[L0(j′′0 (kr¯z) + 13) −L2(5j′′2 (kr¯z) − 23)]}Pm(k) ,
(5.84)
P s-nlIR-safe(z,k) = Ps-nl(z,k) − P s-nlk→0(z,k) = Pm(k)∫ r¯z
0
dr¯ { ∞∑
n=2(−1)n(4n + 1)L2n[AF j2n(∆xz)k4+ [BF −AG]j′2n(∆xz)
k3
+ bDF j2n(∆xz)
k2
+AI j2n(∆xz) + j′′2n(∆xz)
k2
− [CF + BG]j′′2n(∆xz)
k2
]
+ ∞∑
n=0(−1)n(4n + 1)L2n[BI j′2n(∆xz) + j′′′2n(∆xz)k − bDG 1kj′2n(∆xz) + bDI[j2n(∆xz) + j′′2n(∆xz)]− CI[j′′2n(∆xz) + j′′′′2n (∆xz)] + CG 1kj′′′2n(∆xz)] +AF 1k4 [L0(j0(∆xz) − 1 + 16∆x2z)
−L2(5j2(∆xz) − 1
3
∆x2z)] + [BF −AG] 1k3 [L0(j′0(∆xz) + 13∆xz) −L2(5j′2(∆xz) − 23∆xz)]
+ bDF 1
k2
[L0(j0(∆xz) − 1) − 5L2j2(∆xz)] +AI 1
k2
[L0([j0(∆xz) + j′′0 (∆xz)] − 23)
−L2(5[j2(∆xz) + j′′2 (∆xz)] − 23)] − [CF + BG] 1k2 [L0(j′′0 (∆xz) + 13) −L2(5j′′2 (∆xz) − 23)]} ,
(5.85)
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P o-nlIR-safe(z,k) = Po-nl(z,k) − P o-nlk→0(z,k) = Pm(k)∫ r¯z
0
dr¯ { ∞∑
n=2(−1)n(4n + 1)L2n[DF 1k4 j2n(kr¯)− [EF −DG] 1
k3
j′2n(kr¯) − EG 1k2 j′′2n(kr¯) +DI 1k2 [j2n(kr¯) + j′′2n(kr¯)]] − EG 1k2 [L0(j′′0 (kr¯) + 13)
−L2(5j′′2 (kr¯) − 23)] − EI 1k ∞∑n=0(−1)n(4n + 1)L2n[j′2n(kr¯) + j′′′2n(kr¯)] +DF 1k4 [L0(j0(kr¯) − 1+ 1
6
k2r¯2) −L2(5j2(kr¯) − 1
3
k2r¯2)] − [EF −DG] 1
k3
[L0(j′0(kr¯) + 13kr¯) −L2(5j′2(kr¯) − 23kr¯)]
+DI 1
k2
[L0([j0(kr¯) + j′′0 (kr¯)] − 23) −L2(5[j2(kr¯) + j′′2 (kr¯)] − 23)]} .
(5.86)
Note that the derivatives of the Bessel functions can be converted using eq. (5.56).
The expressions for the monopole, quadrupole and hexadecapole cross power spec-
tra, their divergent parts and their IR-safe versions can be read off the above expres-
sions by taking the coefficients of L0, L2 and L4 respectively.
CHAPTER 6
Summary and conclusions
In this thesis we investigated the impact of general relativistic effects on large scale
structure (LSS) observables. In particular we have studied various theoretical aspects
and analyzed different issues involved in the general relativistic description of the
galaxy number density, the galaxy correlation function and the galaxy power spec-
trum. Theoretical predictions in general relativity for these observables are of great
importance considering the huge amount of high precision data coming from future
surveys. Indeed, we need accurate expressions for the data analysis in order to inter-
pret correctly the physical information in the measurements. The standard expressions
used so far, which account only for the galaxy fluctuation with the bias factor and the
redshift-space distortions, provide a very good approximation of what is observed but
they may be not accurate enough to match the precision that will be achieved by
future surveys. If we want to put tighter constraints on cosmological parameter and
study the behavior of gravity on very large scales, we need to account for all relativistic
effects in the observed galaxy number density. This thesis contributes to the efforts
done in recent years to achieve a complete description of LSS observables in general
relativity. In this final chapter we summarize our results. We will discuss again how
we resolved the theoretical issues involved in the relativistic description of the galaxy
correlation function and the galaxy power spectrum. We will summarize our numerical
results obtained by using expressions that are gauge-invariant and consistent with the
equivalence principle, and, as such, free from the theoretical issues often plaguing the
theoretical predictions presented in literature. We will then discuss the implications of
our findings for future observations and we will indicate research directions to follow
in order to complement our achievements.
The relativistic description of galaxy clustering presented in this thesis is based on
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linear perturbation theory. The latter is able to describe a significant range of scales
and most of the history of the universe but it eventually breaks down as perturbations
grow under the effect of gravity, so that we cannot trust the linear predictions on scales
smaller than about 0.1 Mpc−1. While linear perturbation theory is valid on the large
scales of our interest, where the general relativistic effects manifest themselves, it is
not the only approach available to describe light-cone observations. In chapter 3 we
studied the geodesic light-cone (GLC) formalism, an approach alternative to pertur-
bation theory that allows analytic expressions for light-cone observables, providing a
new non-perturbative way to compute the effects of inhomogeneities in our universe.
In particular, we proved the gauge invariance of the expressions derived in the GLC
formalism for the observed redshift, the luminosity distance and the physical area and
volume of the observed sources. As we discussed already in sec. 2.2.2, the gauge in-
variance of general relativity offers a powerful way to test the validity of theoretical
predictions. Indeed, the expressions for observable quantities must not depend on our
choice of coordinates, whatever the approach used for their derivations. By studying
the gauge invariance in the GLC formalism, we were able to point out the presence
of terms that were missing in the expressions presented in the literature. These terms
originate from perturbations evaluated at the observer position. It is often argued that
they can be set to zero, because the perturbations at the observer position are not
observable by themselves. However, as we demonstrated, if these effects are neglected,
the resulting expressions are gauge dependent, as they cannot be written as functions of
the observed redshift and angles measured in the observer rest frame, which represent
the truly and unprocessed observable quantities. The perturbations at the observer
position are indeed a consequence of the frame change from the FRW coordinates to
the observer’s coordinates. Furthermore, while it is true that the perturbations at
the observer are not observable, they contribute to the total expression like any other
terms, so that the same (incorrect) argument would apply also to terms evaluated at
the source position or integrated along the line of sight. The importance of considering
all terms in the theoretical predictions, including those evaluated at the observer po-
sition, represents one of the main points of this thesis. As we showed also in chapters
4 and 5, this is the only way to obtain expressions that are gauge invariant, consistent
with the equivalence principle and free from infrared divergences.
In chapter 4 we presented our study of two-point galaxy correlation function, con-
sidering the linear-order scalar and tensor perturbation contributions and the wide-
angle effects. First, we demonstrated that the complete theoretical expression for the
observed galaxy fluctuation, which accounts for the perturbations at the observer po-
sition, is devoid of any long-mode contributions from scalar and tensor perturbations
and it lacks the infrared divergences in agreement with the equivalence principle. The
idea is that perturbations with wavelength larger than the comoving distance between
source and observer (called long-mode perturbations in this thesis) should not affect
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any light-cone observables because they can only be responsible for uniform gravity
modes, and the equivalence principle implies that observations are not sensitive to the
presence of a uniform gravitational field. After identifying the terms associated with
the long-mode contributions, we showed that they cancel out in the complete expres-
sion for the observed galaxy fluctuation. Indeed, all perturbations contain a long-mode
contribution. As a result, it is important to take into account all together the pertur-
bations evaluated at the observer and the source positions as well as the perturbations
integrated along the line of sight. If the terms at the observer are set to zero, as it is
often done in literature, the long-mode contributions of the perturbations at the source
and integrated along the line of sight are not cancelled. As we showed, this results in
unphysical infrared divergencies in the galaxy correlation function. This problem is
usually circumvented by imposing an arbitrary infrared cut-off when computing cor-
relations. In this thesis, instead, we presented a natural and simple solution to the
problem. Then, using the complete expression for the observed galaxy fluctuation,
we numerically computed the galaxy two-point correlation function and studied the
impact of various relativistic effects in the conformal Newtonian gauge. We found that
some terms at the observer position dominate over the other relativistic effects such as
the source velocity, the gravitational potential at the source, the integrated Sachs-Wolf
effect, the Shapiro time-delay and the lensing convergence. Compared to the standard
theoretical predictions that consider only the density fluctuation with the bias factor
and redshift-space distortions, the general relativistic effects introduce a few percent-
level systematic errors beyond the scale of the baryonic acoustic oscillation: we found
a 2% relative error at 150 Mpc/h and redshift one. This means that one should use the
relativistic expression to interpret future data from upcoming surveys on such large
scales.
Finally, in chapter 5, we presented our study of the anisotropic three-dimensional
galaxy power spectrum in general relativity. As for the correlation function in chap-
ter 4, we demonstrated that the previous calculations of the galaxy power spectrum
with an infrared divergence are inconsistent with the equivalence principle, and this
unphysical behavior on large scales vanishes if we consider all the relativistic contribu-
tions to the observed galaxy fluctuation. Indeed, the previous studies only considered
the perturbations at the source position and calculated the power spectrum from their
Fourier modes. In this thesis, instead of computing the power spectrum directly from
the Fourier modes of the observed galaxy fluctuation δg, we have made use of the du-
ality between the variance of δg and its power spectrum. In this way, we have been
able to easily take into account also the contributions from the perturbations at the
observer position and integrated along the line of sight. We then demonstrated that,
while the power spectra of these individual contributions are all infrared-divergent,
the total galaxy power spectrum given by their sum is not. Most importantly, how-
ever, we clarified the the important difference between the power spectrum commonly
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derived in theory and what galaxy surveys really measure. In theory the power spec-
trum is obtained by taking a Fourier transformation of the observed galaxy fluctuation
on the hypersurface of simultaneity at the source time coordinate. In observations,
instead, the power spectrum is obtained by taking a Fourier transformation of the
observed galaxy fluctuation on the light-cone hypersurface. As a consequence, the
power spectrum derived in theory is not observable, because we do not observe spatial
hypersurfaces but the past light-cone. Nevertheless, as we explained, the observed
power spectrum can be obtained from the theoretical one by convolving with the sur-
vey geometry, with no ambiguity in the computations. In this thesis we focused on
the theoretical power spectrum, presenting its complete relativistic expression for the
first time in literature. With this we performed numerical computations to show the
behavior on large scales, where the relativistic effects cause deviations from the stan-
dard prediction given by the redshift-space power spectrum. Our results pointed out
the presence of redshift-dependent oscillations on scales comparable or larger than the
scale of matter-radiation equality, leading to a percent-level fractional difference with
the standard prediction.
A deep understanding of all theoretical subtleties in the relativistic description of
galaxy clustering is essential to interpret the numerous upcoming surveys. Indeed, only
the correct theoretical predictions can lead us to the full realization of the potential
information contained in galaxy clustering and offered by precision measurements in
future galaxy surveys. The work summarized in this thesis anticipates the implica-
tions of general relativity for future observations. However, in order to investigate
the detectability and estimate the impact of general relativistic effects in specific LSS
measurements, Fisher forecasts need to be performed. For this purpose our study of
the two-point galaxy correlation function offers expressions that can be directly used
in the analysis and represent the prediction of general relativity. Then, if the exper-
imental precision allows it, our prediction can be used to test general relativity and
ΛCDM against different theories of gravity and cosmological models. Regarding the
galaxy power spectrum we made important steps forward by providing a complete the-
oretical description for this observable. However, more work is required in the future
to obtain the observed power spectrum considering specific galaxy surveys. As for the
galaxy correlation function, this will allow to quantify the impact of the relativistic
effects on the measurements performed on large scales. Other research directions to
follow in order to complement our achievements definitely involve better formulations
of the galaxy bias and pushing the computations to higher order in perturbation the-
ory. Indeed, while it is true that a scale-independent linear bias is fairly justified on
large scales, the precision goal of future parameter estimations demand to study the
bias issue in parallel with the relativistic effects. Likewise, the non-linearities in the
gravitational evolution of the perturbations that we did not consider, because they are
subdominant on very large scales, affect the measurements on most scales where the
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desired accuracy cannot be achieved with linear perturbation theory.
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